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ON THE THIN FILM MUSKAT AND THE THIN FILM STOKES
EQUATIONS
GABRIELE BRUELL AND RAFAEL GRANERO-BELINCHO´N
Abstract. The present paper is concerned with the analysis of two strongly coupled systems
of degenerate parabolic partial differential equations arising in multiphase thin film flows. In
particular, we consider the two-phase thin film Muskat problem and the two-phase thin film
approximation of the Stokes flow under the influence of both, capillary and gravitational forces.
The existence of global weak solutions for medium size initial data in large function spaces is
proved. Moreover, exponential decay results towards the equilibrium state are established, where
the decay rate can be estimated by explicit constants depending on the physical parameters of
the system. Eventually, it is shown that if the initial datum satisfies additional (low order)
Sobolev regularity, we can propagate Sobolev regularity for the corresponding solution. The
proofs are based on a priori energy estimates in Wiener and Sobolev spaces.
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2 G. BRUELL AND R. GRANERO-BELINCHO´N
1. Introduction
The dynamics of viscous thin fluid films is a widely studied topic in the area of fluid dynamics.
A classical approach to gain insight in the evolutionary behavior of thin fluid films is to apply
lubrication approximation and cross sectional averaging to the governing equations, which leads
to simplified model equations. Considering thin films it is instinctive that surface tension effects
play a significant role. A common feature of many thin film approximations is that the presents of
surface tension leads to fourth-order equations. Due to the degenerate character of the equations,
it is not to be expected that classical solutions exist globally in time, unless the initial datum
is close to a stable steady state. Pioneering works on the existence of global weak solutions of
the classical thin film equation and their properties are due to Bernis & Friedman [3] followed
by Beretta, Bertsch & Dal Passo [2] and Bertozzi & Pugh [4]. Since then, the study of thin film
equations attracted a lot of attention and many authors contributed to a deeper understanding
with respect to several aspects of the underlying mechanisms.
The concern of the present work is the existence of global weak solutions for two parabolic,
strongly coupled and degenerated systems arising as a thin film approximation: the thin film
Muskat problem modeling a two-phase flow in porous medium and the thin film Stokes problem
that arises as a model of a two-phase flow for highly viscous Newtonian fluids. Both, the
Muskat and the Stokes problem share the same scenario: the fluid with label “− ” (i.e. whose
velocity, pressure, viscosity, and density are u−, p−, µ−, and ρ−, respectively) lies between the
free boundary f = f(x, t) and an impervious flat bottom, while the fluid with label “ + ” (i.e.
whose velocity, pressure, viscosity, and density are u+, p+, µ+, and ρ+, respectively) is between
the free surface h = h(x, t) and the internal wave f . Over the top fluid we have air that is
assumed to behave like vacuum. In other words, the (common) domains that we consider in this
paper can be described as Ω(t) = Ω+(t) ∪ Ω−(t), where
Ω+(t) = {(x, y) ∈ I × R, f(x, t) < y < h(x, t)},
Ω−(t) = {(x, y) ∈ I × R, 0 < y < f(x, t)},
and the functions f, h satisfy
h(x, t) > f(x, t) > 0.
Here, I denotes the domain of the horizontal variable.
air
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Figure 1. The fluid-air interface h and the fluid-fluid interface f .
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1.1. The thin film Muskat problem. We are going to introduce the Muskat problem, a thin
film approximation of the problem and some prior results. Moreover, we reformulate the thin
film approximation in a way to be suitable for our subsequent study.
1.1.1. The equations. The Muskat problem reads
µ±u± +∇p± = −ρ±Ge2, in Ω±(t)× [0, T ] ,
∇ · u± = 0, in Ω±(t)× [0, T ] ,
[p] = γfHΓ(f) on Γ(f)× [0, T ],
p+ = −γhHΓ(h) on Γ(h)× [0, T ],
∂tf = u± · (−∂xf, 1) on Γ(f)× [0, T ],
∂th = u+ · (−∂xh, 1) on Γ(h)× [0, T ],
u− · e2 = 0 on Γ0 × [0, T ],
where Γ0 := {y = 0} is the bottom and the fluid-fluid and fluid-air interfaces are located at
Γ(f) := {y = f} and Γ(h) := {y = h}, respectively. The constants µ± and ρ± denote the
viscosity and density of the lower and upper fluid, respectively. Moreover, γf is the surface ten-
sion coefficient at the interface Γ(f), while γh is the surface tension coefficient at the interface
Γ(h). Eventually, HΓ(h) and HΓ(f) denote the curvature of the interfaces Γ(h) and Γ(f), respec-
tively. The constant G represents the gravitational acceleration and [f ] = f+ − f− the jump
of a function f across Γ(f). The Muskat problem appears as a model of geothermal reservoirs,
aquifers or oil wells [6, 28] and has received a lot of attention in the last years. We refer the
interested reader for instance to [1, 5, 9, 10, 12, 15, 18, 20, 21, 22, 29, 30]. Under the assumption
of small layer thickness, Escher, Matioc & Matioc [13] applied lubrication approximation and
cross sectional averaging to derive the following system of partial differential equations for the
evolution of two thin films in a porous medium
∂tf = −∂x
[
f
(
µ−1− γh∂
3
xh+ µ
−1
− γf∂
3
xf − µ−1− G(ρ− − ρ+)∂xf − µ−1− Gρ+∂xh
)]
,
∂th = −∂x
[
f
(
µ−1− γh∂
3
xh+ µ
−1
− γf∂
3
xf − µ−1− G(ρ− − ρ+)∂xf − µ−1− Gρ+∂xh
)
+(h− f) (µ−1+ γh∂3xh− µ−1+ Gρ+∂xh)]
(1)
for x ∈ I = (0, π) and t > 0. The system (1) is supplemented with initial conditions for f and
h:
f(0, x) = f0(x), h(0, x) = h0(x), (2)
and no-flux boundary conditions
∂xf = ∂xh = ∂
3
xf = ∂
3
xh = 0, at x = 0 and x = π. (3)
We assume that both layers initially have a positive thickness, that is
h0(x) > f0(x) > 0. (4)
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1.1.2. Prior results for the thin film Muskat problem. Since Escher, Matioc & Matioc [13] derived
the thin film Muskat problem (1), this system has been intensively studied. In the absence of
surface tension effects (γf = γh = 0), problem (1) reduces to a system of second order. In this
case local existence of classical solutions in H2 and exponential stability (in the H2 norm) of
steady state solutions were determined [13]. The proofs are based on semigroup theory and an
energy functional given by
Egravity(h, f) =
∫
|f |2 +R|h|2dx,
where R is a positive constant depending on the physical parameters of the problem. In a
subsequent work, Escher & Matioc [16] studied the case when surface tension effects are taken
into account and proved local existence and asymptotic stability of steady states for the fourth
order system (1) in the Sobolev space H4. Moreover, the authors found that
H (h, f) =
∫
f log(f)− f + 1 + S [(h− f) log(h− f)− h+ f + 1] dx (5)
is an energy functional, where S is a positive constant depending on the physical parameters of
the problem, and studied non-flat equilibria which exist under stabilizing surface tension effects
and destabilizing stratification. Concerning global solutions, Matioc [27] proved the existence
of nonnegative global weak solutions in H1 for the (purely) capillary driven thin film Muskat
problem using a priori estimates provided by the energy functionals (5) and
Ecapillary(h, f) =
∫
|∂xf |2 + T |∂xh|2dx,
where T is a positive constant depending on the physical parameters of the problem. Escher,
Laurenc¸ot & Matioc [11] proved the existence of nonnegative global weak L2 solutions for the
gravity driven thin film. In addition to the existence result, they also proved exponential con-
vergence towards equilibria in L2 norms. In the case when the thin film Muskat problem is
considered on I = R, Laurenc¸ot & Matioc [23, 24] observed that (1) is a gradient flow for the
functional Egravity with respect to the 2-Wasserstein distance in the set of Borel probability mea-
sures on R with finite second moment. This observation allowed them to obtain the existence
of global weak L2 solutions. Furthermore, Laurenc¸ot & Matioc [25, 26] proved the existence
of self-similar profiles and the convergence of weak L2 solutions towards them (at an unknown
rate) and the finite speed of propagation of a certain family of weak solutions.
1.1.3. Reformulation of the thin film Muskat problem. The original problem (1) is posed on
the interval [0, π] with boundary conditions (3). However, instead of dealing with the interval
[0, π] and no-flux boundary conditions (3), we will generalize the problem to consider periodic
functions over the interval [−π, π]. Let us explain this in further detail. We denote by f˜ and
h˜ the even extensions of the unknowns f and h, i.e. for f defined on [0, π] with boundary
conditions (3), we define
f˜(x, t) = f(|x|, t) (x, t) ∈ [−π, π]× R+,
and similarly for h˜. Subsequently, we will drop the tilde notation and write f, h for the unknowns
defined on [−π, π]. Furthermore, note that equation (1) preserves the even symmetry. Thus,
we can generalize the problem by abandoning the eveness assumption from the initial data and
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seek for 2π-periodic solutions f, h to (1). In order to recover the physically motivated problem
posed on [0, π] with boundary conditions (3), it is sufficient to consider an even periodic initial
datum over [−π, π] and to restrict the corresponding solution to the interval [0, π].
Defining the new unknown g := h− f , system (1) can be rewritten as
∂tf = −∂x
[
f
(
µ−1− γh∂
3
x(g + f) + µ
−1
− γf∂
3
xf − µ−1− G(ρ− − ρ+)∂xf − µ−1− Gρ+∂x(g + f)
)]
,
∂tg = −∂x
[
g
(
µ−1+ γh∂
3
x(g + f)− µ−1+ Gρ+∂x(g + f)
)]
.
(6)
Set
b := ρ+, bµ :=
µ−
µ+
b, bρ =
ρ−
ρ+
b,
and, if γh > 0,
A =
γh
G
, Aµ :=
µ−
µ+
A, Aγ :=
γf + γh
γh
A.
Introducing a new time variable
t˜ := Gµ−1− t,
and suppressing thereafter the tildes, (6) reduces to
∂tf = −∂x
[
f
(
Aγ∂
3
xf +A∂
3
xg − bρ∂xf − b∂xg
)]
,
∂tg = −∂x
[
g
(
Aµ∂
3
xf +Aµ∂
3
xg − bµ∂xf − bµ∂xg
)]
.
(7)
Note that (4) translates into
g0(x) := h0(x)− f0(x) > 0, f0(x) > 0.
Let us define the mean of a function f as
〈f〉 := 1
2π
∫ pi
−pi
f(x) dx.
We have the following quick observation:
Lemma 1.1 (Conservation of mass for (7)). Let (f, g) be a smooth solution to (7) on [0, T ),
then the mass of f and g is preserved in time, that is
〈f(t)〉 = 〈f0〉 and 〈g(t)〉 = 〈g0〉 for all t ∈ [0, T ).
In spirit of the previous lemma, we introduce the zero mean functions
f¯ := f − 〈f0〉 and g¯ := g − 〈g0〉 (8)
and obtain that
∂tf¯ = −∂x
[
(f¯ + 〈f0〉)
(
Aγ∂
3
xf¯ +A∂
3
xg¯ − bρ∂xf¯ − b∂xg¯
)]
,
∂tg¯ = −∂x
[
(g¯ + 〈g0〉)
(
Aµ∂
3
xf¯ +Aµ∂
3
xg¯ − bµ∂xf¯ − bµ∂xg¯
)]
.
(9)
Eventually, system (9) can be written as the following cross-diffusion system
∂tf¯ = −〈f0〉
[
Aγ∂
4
xf¯ +A∂
4
xg¯ − bρ∂2xf¯ − b∂2xg¯
]
+N1,A +N1,b,
∂tg¯ = −〈g0〉
[
Aµ∂
4
xf¯ +Aµ∂
4
xg¯ − bµ∂2xf¯ − bµ∂2xg¯
]
+N2,A +N2,b,
(10)
where the nonlinear terms Ni,A and Ni,b, i = 1, 2 are given by
N1,A := −∂x
[
f¯
(
Aγ∂
3
xf¯ +A∂
3
xg¯
)]
, N1,b := ∂x
[
f¯
(
bρ∂xf¯ + b∂xg¯
)]
, (11)
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N2,A := −∂x
[
g¯
(
Aµ∂
3
xf¯ +Aµ∂
3
xg¯
)]
, N2,b := ∂x
[
g¯
(
bµ∂xf¯ + bµ∂xg¯
)]
. (12)
In the present paper we use the above formulation (10), i.e. given a positive initial datum (f0, g0)
for (7), we consider (10), where the initial datum is given by
f¯0 := f0 − 〈f0〉 and g¯0 := g0 − 〈g0〉,
and the constants 〈f0〉 and 〈g0〉 are uniquely determined by f0 and g0.
1.2. The thin film Stokes problem.
1.2.1. The equations. With the same notation as in the previous section, the two-phase Stokes
problem modeling the flow of highly viscous fluids reads
−µ±∆u± +∇p± = −ρ±Ge2, in Ω±(t)× [0, T ] ,
∇ · u± = 0, in Ω±(t)× [0, T ] ,
[µ(∇u+ (∇u)T )− pId] · (−∂xf, 1) = −γfHΓ(f)(−∂xf, 1) on Γ(f)× [0, T ],
(µ+(∇u+ + (∇u+)T )− p+Id) · (−∂xh, 1) = γhHΓ(h)(−∂xh, 1) on Γ(h) × [0, T ],
[u] = 0 on Γ(f)× [0, T ],
∂tf = u± · (−∂xf, 1) on Γ(f)× [0, T ],
∂th = u+ · (−∂xh, 1) on Γ(h) × [0, T ],
u− = 0 on Γ0 × [0, T ].
The interaction of two immiscible thin fluid layers with thickness f and h− f , respectively (see
Figure 1) can be modeled by the two-phase thin film Stokes equation:
∂tf = ∂x
[
2Pf3Df +Q(3f2h− f3)Dh] ,
∂th = ∂x
[
P (3f2h− f3)Df + (2Qµ(h− f)3 + 2Q(h3 − (h− f)3))Dh] ,
together with (2), (3) and (4). When only surface tension effects are taken into account, that is
γh, γf > 0 and G = 0, the operator D and the constants P and Q are given by
D = −∂3x, P =
γf
6µ−
, Q =
γh
6µ−
, µ =
µ−
µ+
, (13)
while in the case of a purely gravity driven flow, that is γh = γf = 0 and G > 0, we have
D = ∂x, P =
G(ρ− − ρ+)
6µ−
, Q =
Gρ+
6µ−
, µ =
µ−
µ+
. (14)
The above system was derived by Escher, Matioc & Matioc in [14] using lubrication approxima-
tion and cross sectional averaging. We remark that for fluids in the Stokes regime gravitational
and capillary effects appear at different order in the approximation. As a consequence, the case
where both capillary and gravitational effects are taken into account simultaneously appears to
be physically not relevant [14].
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1.2.2. Prior results for the thin film Stokes problem. There are fewer mathematical results for
the thin film Stokes problem. For the gravity driven thin film, Escher, Matioc & Matioc [14]
proved local existence of solutions in the Bessel potential space Hs,p, 2 ≤ p and s ∈ (32 , 2], and
exponential convergence towards the flat equilibrium for initial data sufficiently close to their
mean in H2,p, p ≥ 2. The results are proved using semigroup theory and the following energy
functional
Fgravity(h, f) =
∫
|f |2 + Q
P
|h|2dx,
where Q,P are as in (14). Similarly, when surface tension effects are the only driving force,
Escher, Matioc & Matioc [14] proved local existence of solutions in the Bessel potential space
Hs,p, 1 < p and s ∈ (1 + 1p , 4], and exponential stability of steady states under a smallness
assumption in H4,p, p > 1. As before, the proofs are based on semigroup theory and the energy
functional
Fcapillary(h, f) =
∫
|∂xf |2 + Q
P
|∂xh|2dx,
where Q,P are as in (13). Eventually, Escher & Matioc [17] used the a priori estimates provided
by the latter energy functional to prove the existence of nonnegative global weak solutions in
the Sobolev space H1.
1.2.3. Reformulation of the thin film Stokes problem. Following the argument in Section 1.1.3, we
consider the equivalent problem with periodic boundary conditions on [−π, π] for the unknowns
f and g := h− f , which reads
∂tf = ∂x
[(
2(P +Q)f3 +Q3f2g
)
Df +Q(3f2g + 2f3)Dg
]
,
∂tg = ∂x
[(
2Qµg3 + 3(P +Q)f2g + 6Qg2f)
)
Df + (2Qµg3 +Q(3f2g + 6g2f))Dg
]
.
(15)
Introducing the new time variable t˜ := t/Q and suppressing thereafter the tildes, the system
above reduces to
∂tf = ∂x
[(
2ρf3 + 3f2g
)
Df + (2f3 + 3f2g)Dg
]
,
∂tg = ∂x
[(
2µg3 + 3ρf2g + 6fg2
)
Df +
(
2µg3 + 3f2g + 6fg2
)
Dg
]
,
(16)
where
ρ =
P +Q
Q
.
Lemma 1.2 (Conservation of mass for (16)). Let (f, g) be a smooth solution to (16) on [0, T ),
then the mass of f and g is preserved in time, that is
〈f(t)〉 = 〈f0〉 and 〈g(t)〉 = 〈g0〉 for all t ∈ [0, T ).
Implementing the zero mean variables (8), system (16) can be written as
∂tf¯ = ∂x
[(
2ρ〈f0〉3 + 3〈f0〉2〈g0〉
)
D f¯ + (2〈f0〉3 + 3〈f0〉2〈g0〉)D g¯
]
+N1 +N2,
∂tg¯ = ∂x
[(
2µ〈g0〉3 + 3ρ〈f0〉2〈g0〉+ 6〈f0〉〈g0〉2
)
D f¯
]
+N3 +N4
+ ∂x
[(
2µ〈g0〉3 + 3〈f0〉2〈g0〉+ 6〈f0〉〈g0〉2
)
D g¯
]
,
(17)
where the nonlinear terms Ni, i = 1, . . . , 4, are given by
N1 := ∂x
[
3(f¯2g¯ + 2f¯ g¯〈f0〉+ f¯2〈g0〉+ g¯〈f0〉2 + 2f¯〈f0〉〈g0〉)D f¯
]
8 G. BRUELL AND R. GRANERO-BELINCHO´N
+ ∂x
[
2ρ(f¯3 + 3f¯2〈f0〉+ 3f¯〈f0〉2)D f¯
]
N2 := ∂x
[
3(f¯2g¯ + 2f¯ g¯〈f0〉+ f¯2〈g0〉+ g¯〈f0〉2 + 2f¯〈f0〉〈g0〉)D g¯
]
+ ∂x
[
2(f¯3 + 3f¯2〈f0〉+ 3f¯〈f0〉2)D g¯
]
,
N3 := ∂x
[(
2µ(g¯3 + 3g¯2〈g0〉+ 3g¯〈g0〉2) + 3ρ(f¯2g¯ + 2f¯ g¯〈f0〉+ f¯2〈g0〉+ g¯〈f0〉2 + 2f¯〈f0〉〈g0〉)
+6(g¯2f¯ + 2g¯f¯〈g0〉+ g¯2〈f0〉+ f¯〈g0〉2 + 2g¯〈g0〉〈f0〉)
)
D f¯
]
,
N4 := ∂x
[(
2µ(g¯3 + 3g¯2〈g0〉+ 3g¯〈g0〉2) + 3(f¯2g¯ + 2f¯ g¯〈f0〉+ f¯2〈g0〉+ g¯〈f0〉2 + 2f¯〈f0〉〈g0〉)
+6(g¯2f¯ + 2g¯f¯〈g0〉+ g¯2〈f0〉+ f¯〈g0〉2 + 2g¯〈g0〉〈f0〉)
)
D g¯
]
.
In the present paper we use the above formulation (17), i.e. given a positive initial datum (f0, g0)
for (15), we consider (17), where the initial datum is given by
f¯0 := f0 − 〈f0〉 and g¯0 := g0 − 〈g0〉,
and the constants 〈f0〉 and 〈g0〉 are uniquely determined by f0 and g0.
2. Functional framework
We write T = [−π, π]. Let n ∈ Z+ and denote by
W n,p(T) = {f ∈ Lp(T), ∂nxf ∈ Lp(T)}
the standard Lp-based Sobolev space with norm
‖f‖pWn,p = ‖f‖pLp + ‖∂nxf‖pLp .
For a function u ∈ L1(T) and k ∈ Z we recall that
uˆ(k) =
1
2π
∫
T
u(x)e−ixkdx
denotes the expression of the k−th Fourier coefficient of u. If u ∈ L1(T) and the sequence of its
Fourier coefficients {uˆ(k)}k∈Z is convergent, then the Fourier series representation of u is given
by
u(x) =
∑
k∈Z
uˆ(k)eixk.
If p = 2, we use the notation Hn(T) := W n,2(T). The L2-based Sobolev spaces on T of order
α ∈ R+ can be defined by
Hα(T) :=
{
u ∈ L2(T), such that ‖u‖2Hα :=
∑
k∈Z
(1 + |k|2α)|uˆ(k)|2 <∞
}
.
We use the convention H0(T) = L2(T). The space consisting of all Lebesgue integrable functions
on T, whose Fourier series is absolutely convergent, is called the Wiener algebra on T and we
denote it by A(T). In accordance to the definition of Sobolev spaces, we introduce the spaces
Aα(T) :=
{
u ∈ L1(T), such that ‖u‖Aα :=
∑
k∈Z
(1 + |k|α)|uˆ(k)| <∞
}
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for α ∈ R+ and write A(T) = A0(T). Lastly, for α ∈ R+, we denote by H˙α(T) the space of
functions belonging to Hα(T) which have zero mean. The space A˙α(T) is defined accordingly.
Notice that
‖u‖H˙α :=
∑
k∈Z
|k|2α|uˆ(k)|2 and ‖u‖A˙α :=
∑
k∈Z
|k|α|uˆ(k)|
are equivalent norms on H˙α(T) and A˙α(T), respectively. Moreover, the spaces A˙α(T), α ∈ R+,
are Banach algebras and form a Banach scale:
Lemma 2.1. Let α ∈ R+ be a fixed parameter and f, g ∈ A˙α(T), then
‖fg‖A˙α ≤ 2α+1‖f‖A˙α(T)‖g‖A˙α(T). (18)
Furthermore, the spaces A˙α(T) form a Banach scale with the following interpolation inequality
‖f‖A˙α ≤ ‖f‖1−θA˙ ‖f‖
θ
A˙
α
θ
for all 0 < θ < 1. (19)
Proof. Let α ∈ R+ be fixed and f, g ∈ A˙α(T). The product of f and g can be represented as
fg(x) =
∑
n∈Z
(∑
m∈Z
fˆ(n−m)gˆ(m)
)
e−inx.
Due to the basic inequality
|n|α ≤ 2αmax{|n −m|, |m|}α ≤ 2α (|n−m|α + |m|α)
we obtain the estimate
‖fg‖A˙α =
∑
n∈Z
|n|α
∣∣∣∣∣
∑
m∈Z
fˆ(n−m)gˆ(m)
∣∣∣∣∣
≤
∑
n∈Z
∑
m∈Z
|n|α|fˆ(n−m)||gˆ(m)|
≤ 2α
∑
n∈Z
∑
m∈Z
(|n −m|α + |m|α) |fˆ(n−m)||gˆ(m)|
≤ 2α (‖f‖A˙α‖g‖A˙ + ‖f‖A˙‖g‖A˙α)
≤ 2α+1‖f‖A˙α‖g‖A˙α ,
which proves inequality (18). The interpolation inequality (19) is due to the Ho¨lder inequality
for p = 1/θ and q = 1/(1 − θ):
‖f‖A˙α =
∑
n∈Z
|n|α|fˆ(n)|θ|fˆ(n)|1−θ ≤
(∑
n∈Z
|n|αθ |fˆ(n)|
)θ(∑
n∈Z
|fˆ(n)|
)1−θ
= ‖f‖1−θ
A˙
‖f‖θ
A˙
α
θ
.

Let us collect some embedding properties of the spaces Aα(T). Clearly, for any α, β ∈ R+ with
α ≥ β we have that Aα(T) ⊂ Aβ(T). Moreover, it is easy to verify that
Ck+1(T) ⊂ Ak(T) ⊂ Ck(T) for all k ∈ N.
In addition we introduce the space M(0, T ;X), the space of Radon measures from an interval
[0, T ] to a Banach space X.
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Eventually, we end this section by a comment on a general convention: We denote by c > 0
a generic constant, which may differ from occurrence to occurrence. Sometimes we use the
notation c = c(·, ·, . . .) in order to emphasize the dependence of c on various parameters.
3. Main results and discussion
The goal of this paper is to obtain the global existence and decay towards equilibria for the
thin film Muskat and the thin film Stokes problems for appropriate initial data. In particular,
our results consider both the gravity driven case (when surface tension effects are neglected, i.e.
γh = γf = 0) and the capillary driven case (when γh, γf 6= 0).
3.1. The thin film Muskat problem. First we introduce our notion of weak solution for (10)
when surface tension effects are considered:
Definition 1. We say that a pair of zero mean functions (f¯ , g¯) ∈ (L1 (0, T ;W 3,1(T)))2 is a
weak solution of (10) corresponding to the initial datum (f¯0, g¯0) if and only if
−
∫
T
f¯0φ(0)dx −
∫ T
0
∫
T
f¯∂tφdxdt = 〈f0〉
∫ T
0
∫
T
∂3x
[
Aγ f¯ +Ag¯
]
∂xφ+ ∂x
(
bρf¯ + bg¯
)
∂xφdxdt
+
∫ T
0
∫
T
(−f¯ (Aγ∂3xf¯ +A∂3xg¯)+ f¯ (bρ∂xf¯ + b∂xg¯)) ∂xφdxdt,
and
−
∫
T
g¯0ψ(0)dx −
∫ T
0
∫
T
g¯∂tψdxdt = 〈g0〉
∫ T
0
∫
T
Aµ∂
3
x
[
f¯ + g¯
]
∂xψ + bµ∂x
[
f¯ + g¯
]
∂xψdxdt
+
∫ T
0
∫
T
[−g¯ (Aµ∂3xf¯ +Aµ∂3xg¯)+ f¯ (bµ∂xf¯ + bµ∂xg¯)] ∂xψdxdt,
for all (φ,ψ) ∈ C1c ([0, T )× T).
When surface tension is neglected, our definition of weak solutions for (10) reads:
Definition 2. We say that a pair of zero mean functions (f¯ , g¯) ∈ (L1 (0, T ;W 1,1(T)))2 is a
weak solution of (10) corresponding to the initial datum (f¯0, g¯0) if and only if
−
∫
T
f¯0φ(0)dx−
∫ T
0
∫
T
f¯∂tφdxdt =〈f0〉
∫ T
0
∫
T
∂x
(
bρf¯ + bg¯
)
∂xφdxdt
+
∫ T
0
∫
T
f¯
(
bρ∂xf¯ + b∂xg¯
)
∂xφdxdt,
and
−
∫
T
g¯0ψ(0)dx −
∫ T
0
∫
T
g¯∂tψdxdt =〈g0〉
∫ T
0
∫
T
bµ∂x
[
f¯ + g¯
]
∂xψdxdt
+
∫ T
0
∫
T
f¯
(
bµ∂xf¯ + bµ∂xg¯
)
∂xψdxdt,
for all (φ,ψ) ∈ C1c ([0, T )× T).
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Before stating the main results, some notation needs to be introduced. We define the following
functionals:
Es(f¯ , g¯) := ‖f¯‖A˙s + ‖g¯‖A˙s , (20)
Es(f¯ , g¯) := ‖f¯‖2H˙s + ‖g¯‖2H˙s , (21)
En(f¯ , g¯) := ‖∂nx f¯‖L∞ + ‖∂nx g¯‖L∞ . (22)
Moreover, we set
σ1,A := 〈f0〉Aγ − 〈g0〉Aµ − (Aµ + 2Aγ + 2A)E0(f¯0, g¯0),
σ2,A := 〈g0〉Aµ − 〈f0〉A− (Aµ + 2Aγ + 2A)E0(f¯0, g¯0),
σ1,b := 〈f0〉bρ − 〈g0〉bµ − E0(f¯0, g¯0)(2bρ + 2b+ 4bµ),
σ2,b := 〈g0〉bµ − 〈f0〉b− E0(f¯0, g¯0)(2bρ + 2b+ 4bµ).
Then, the first result is formulated as follows.
Theorem 1 (Two-phase thin film Muskat system with surface tension). Let γf , γh > 0 and
(f¯0, g¯0) ∈
(
A˙(T)
)2
be the initial datum for (10) satisfying
E0(f¯0, g¯0) < min{〈f0〉, 〈g0〉}, min{σ1,A, σ2,A, σ1,b, σ2,b} > 0.
Then:
a) Existence: There exist at least one global weak solution in the sense of Definition 1 of
(10) having the regularity
(f¯ , g¯) ∈
(
L∞ ([0, T ]× T) ∩ L 43 (0, T ;W 3,∞(T)) ∩ L1 (0, T ;C3+α(T))
∩M (0, T ;W 4,∞(T)) ∩ L2 (0, T ; H˙2(T)))2
for any T > 0, where α ∈ [0, 12).
b) Exponential decay: The solution satisfies
‖f¯(T )‖L∞ + ‖g¯(T )‖L∞ ≤ E0(f¯0, g¯0)e−(δA+δb)T ,
where δA = δA(f¯0, g¯0, ρ±, µ±, γf , γh) > 0 and δb = δb(f¯0, g¯0, ρ±, µ±) > 0 are certain
explicit constants depending on the initial datum and the physical parameters.
c) Uniqueness: If
(f¯ , g¯) ∈
(
L1
(
0, T ; A˙4(T)
))2
,
then the weak solution is unique.
Remark 3.1. Theorem 1 concerns initial data satisfying a size restriction in the Wiener Algebra
A(T). Since the restriction is explicit (and O(1)) in terms of the parameters of the problem, we
say that the initial data are of medium size. In particular, the initial datum can be arbitrary
large in Hs(T), s > 0.
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Remark 3.2. Notice that a necessary condition for σ1,b, and σ2,b to be positive is that
ρ− > ρ+.
Thus, the fluid with higher density is below, which is a reasonable assumption for a gravity driven
flow. If capillary forces are included, then σ1,A and σ2,A can only be positive if both γh and γf
are strictly positive.
In the case of a purely gravity driven flow (when surface tension effects are neglected), we can
formulate a similar theorem as above.
Theorem 2 (Two-phase thin film Muskat system without surface tension). Let γf , γh = 0 and
(f¯0, g¯0) ∈
(
A˙(T)
)2
be the initial datum for (10) satisfying
E0(f¯0, g¯0) < min{〈f0〉, 〈g0〉}, min{σ1,b, σ2,b} > 0.
Then:
a) Existence: There exist at least one global weak solution in the sense of Definition 1 of
(10) having the regularity
(f¯ , g¯) ∈
(
L∞ ([0, T ]× T)) ∩ L2 (0, T ;W 1,∞(T)) ∩ L1 (0, T ;C1+α(T))
∩M (0, T ;W 2,∞(T)) ∩ L2 (0, T ; H˙1(T)))2
for any T > 0, where α ∈ [0, 12).
b) Exponential decay: The solution satisfies
‖f¯(T )‖L∞ + ‖g¯(T )‖L∞ ≤ E0(f¯(0, g¯0)e−δbT .
where δb = δb(f¯0, g¯0, ρ±, µ±) > 0 is a certain explicit constants depending on the initial
datum and the physical parameters.
c) Uniqueness: If
(f¯ , g¯) ∈
(
L1
(
0, T ; A˙2(T)
))2
,
then the weak solution is unique.
Remark 3.3. Related results for the free boundary Muskat problem without the thin film as-
sumption can be found in [7, 8, 19].
If we increase the regularity of the initial data and assume some additional restrictions on
E0(f¯0, g¯0) we can propagate Sobolev regularity of the solution:
Theorem 3 (Two-phase thin film Muskat with surface tension – Sobolev regularity). Let
γf , γh > 0 and (f¯0, g¯0) ∈
(
H˙2(T)
)2
be the initial datum for (10) satisfying
E0(f¯0, g¯0) < min{〈f0〉, 〈g0〉}, min{σ1,A, σ2,A, σ1,b, σ2,b} > 0.
If in addition
〈g0〉Aµ − 〈f0〉A+ 〈g0〉Aµ
2
−
(
Aγ +
13
4
A+
17
4
Aµ
)
E0(f¯ , g¯) > 0
〈f0〉Aγ − 〈f0〉A+ 〈g0〉Aµ
2
−
(
Aγ +
13
4
A+
17
4
Aµ
)
E0(f¯0, g¯0) > 0,
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then the global weak solution of (10) obtained in Theorem 1 also satisfies for all T > 0 that
(f¯ , g¯) ∈
(
C
(
0, T ; H˙2(T)
)
∩ L2
(
0, T ; H˙4(T)
))2
with
i) E2(f¯(T ), g¯(T )) + c1
∫ T
0 E4(f¯(s), g¯(s))ds ≤ c2,
ii) Es(f¯(T ), g¯(T )) ≤ c3e−cT for all 0 ≤ s < 2,
for certain positive constants c = c(f¯0, g¯0, ρ±, µ±, γf , γh, s), ci = ci(f¯0, g¯0, ρ±, µ±, γf , γh), i =
1, 2, 3.
Let us remark that in Theorem 3 there are no size restrictions on the initial datum (f¯0, g¯0) in
H2(T).
Remark 3.4. For the hypotheses of Theorem 3 to fulfill, the physical parameters and the initial
datum (f0, g0) have to satisfy
〈g0〉Aµ − 〈f0〉A > 0,
〈f0〉Aγ − 〈g0〉Aµ > 0.
If both fluids have the same viscosity, the above condition requires that
γf + γh
γh
〈f0〉 > 〈g0〉 > 〈f0〉.
Analogously to Theorem 3, the following result for the gravity driven two-phase thin film Muskat
holds true:
Theorem 4 (Two-phase thin film Muskat without surface tension – Sobolev regularity). Let
γf , γh = 0 and (f¯0, g¯0) ∈
(
H˙1(T)
)2
be the initial datum for (10) such that
E0(f¯0, g¯0) < min{〈f0〉, 〈g0〉}, min{σ1,b, σ2,b} > 0.
If in addition
〈f0〉bρ − 1
2
(〈g0〉bµ + 〈f0〉b)−
(
bρ + bµ +
5bµ
2
+
5b
2
)
E0(f¯0, g¯0) > 0,
〈g0〉bµ − 1
2
(〈g0〉bµ + 〈f0〉b)−
(
bρ + bµ +
5bµ
2
+
5b
2
)
E0(f¯0, g¯0) > 0,
then the global weak solution of (10) obtained in Theorem 2 also satisfies for all T > 0 that
(f¯ , g¯) ∈
(
C
(
0, T ; H˙1(T)
)
∩ L2
(
0, T ; H˙2(T)
))2
with
i) E1(f¯(T ), g¯(T )) + c1
∫ T
0 E2(f¯(s), g¯(s))ds ≤ c2,
ii) Es(f¯(T ), g¯(T )) ≤ c3e−cT for all 0 ≤ s < 1,
for certain positive constants c = c(f¯0, g¯0, ρ±, µ±, s), ci = ci(f¯0, g¯0, ρ±, µ±), i = 1, 2, 3.
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Remark 3.5. Theorems 1, 2, 3 and 4 can also be stated in terms of the solutions to (7).
On the one hand, Theorem 1 and Theorem 2 show the global existence of positive solutions
for (f0, g0) ∈ (A(T))2 of (7) and its uniform convergence towards (〈f0〉, 〈g0〉). On the other
hand, Theorems 3 and 4 prove that the solution propagates Sobolev regularity if further (explicit)
smallness conditions on the (weak) norm of the initial data in A(T) are assumed.
3.2. The thin film Stokes problem. Our definition of a weak solution for the thin film Stokes
problem (17) is given by:
Definition 3. Define ζ = 1 if D = ∂x (gravity driven flow) and ζ = 3 if D = −∂3x (capillary
driven flow). We say that (f¯ , g¯) ∈ L1 (0, T ;W ζ,1(T)) is a weak solution to (17) corresponding
to the initial datum (f¯0, g¯0) if and only if∫
T
f¯0φ(0)dx +
∫ T
0
∫
T
f¯∂tφdtdx =
∫ T
0
∫
T
[ (
2ρ〈f0〉3 + 3〈f0〉2〈g0〉
)
D f¯
]
∂xφdxdt
+
∫ T
0
∫
T
[
(2〈f0〉3 + 3〈f0〉2〈g0〉)D g¯
]
∂xφdxdt
+
∫ T
0
∫
T
[
3(f¯2g¯ + 2f¯ g¯〈f0〉+ f¯2〈g0〉+ g¯〈f0〉2 + 2f¯〈f0〉〈g0〉)
+ 2ρ(f¯3 + 3f¯2〈f0〉+ 3f¯〈f0〉2))D f¯
]
∂xφdxdt
+
∫ T
0
∫
T
[
3(f¯2g¯ + 2f¯ g¯〈f0〉+ f¯2〈g0〉+ g¯〈f0〉2 + 2f¯〈f0〉〈g0〉)D f¯
]
∂xφdxdt,
and∫
T
g¯0ψ(0)dx +
∫ T
0
∫
T
g¯∂tψdtdx =
∫ T
0
∫
T
[ (
2µ〈g0〉3 + 3ρ〈f0〉2〈g0〉+ 6〈f0〉〈g0〉2
)
D f¯
]
∂xψdxdt
+
∫ T
0
∫
T
[ (
2µ〈g0〉3 + 3〈f0〉2〈g0〉+ 6〈f0〉〈g0〉2
)
D g¯
]
∂xφdxdt
+
∫ T
0
∫
T
[(
2µ(g¯3 + 3g¯2〈g0〉+ 3g¯〈g0〉2) + 3ρ(f¯2g¯ + 2f¯ g¯〈f0〉+ f¯2〈g0〉+ g¯〈f0〉2 + 2f¯〈f0〉〈g0〉)
+ 6(g¯2f¯ + 2g¯f¯〈g0〉+ g¯2〈f0〉+ f¯〈g0〉2 + 2g¯〈g0〉〈f0〉)
)
D f¯
]
∂xψdxdt
+
∫ T
0
∫
T
[(
2µ(g¯3 + 3g¯2〈g0〉+ 3g¯〈g0〉2) + 3(f¯2g¯ + 2f¯ g¯〈f0〉+ f¯2〈g0〉+ g¯〈f0〉2 + 2f¯〈f0〉〈g0〉)
+ 6(g¯2f¯ + 2g¯f¯〈g0〉+ g¯2〈f0〉+ f¯〈g0〉2 + 2g¯〈g0〉〈f0〉)
)
D g¯
]
∂xφdxdt,
for all (φ,ψ) ∈ C∞c ([0, T ) × T).
Let us define the following constants:
Σ1 = 2ρ〈f0〉3 + 3〈f0〉2〈g0〉(1− ρ)−
(
2µ〈g0〉3 + 6〈f0〉〈g0〉2
)
− E0(f¯0, g¯0)
[
(78 + 20ρ+ 14µ)E0(f¯0, g¯0)2 + (〈f0〉(36ρ + 84) + (81 + 30µ + 9ρ)〈g0〉)E0(f¯0, g¯0)
]
− E0(f¯0, g¯0)
[
(18µ + 18)〈g0〉2 + (18ρ+ 18)〈f0〉2 + (12ρ+ 60)〈g0〉〈f0〉
]
,
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Σ2 = 2µ〈g0〉3 + 6〈f0〉〈g0〉2 − 2〈f0〉3
− E0(f¯0, g¯0)
[
(14µ + 15ρ+ 83)E0(f¯0, g¯0)2 + ((30µ + 6ρ+ 84)〈g0〉+ (96 + 24ρ)〈f0〉) E0(f¯0, g¯0)
]
− E0(f¯0, g¯0)
[
(18µ + 18)〈g0〉2 + (27 + 9ρ)〈f0〉2 + (6ρ+ 66)〈f0〉〈g0〉
]
.
Then, our main result for the thin film Stokes equations reads as follows.
Theorem 5 (Two-phase thin film Stokes system). Let (f¯0, g¯0) ∈
(
A˙(T)
)2
be the initial datum
for (17) such that
E0(f¯0, g¯0) < min{〈f0〉, 〈g0〉}.
Define ζ = 1 if D = ∂x (gravity driven flow) and ζ = 3 if D = −∂3x (capillary driven flow).
Assume that
min{Σ1,Σ2} > 0.
Then:
a) Existence: There exist at least one global weak solution in the sense of Definition 3 of
(17) having the regularity
(f¯ , g¯) ∈
(
L∞ ([0, T ]× T) ∩ L ζ+1ζ
(
0, T ;W ζ,∞(T)
)
∩ L1
(
0, T ;Cζ+α(T)
)
M
(
0, T ;W ζ+1,∞(T)
)
∩ L2
(
0, T ; H˙(ζ+1)/2(T)
))2
for any T > 0, where α ∈ [0, 12).
b) Exponential decay: The solution satisfies
‖f¯(T )‖L∞ + ‖g¯(T )‖L∞ ≤ E0(f¯0, g¯0)e−εT ,
where ε = ε(f¯0, g¯0, ρ±, µ±, ζ) > 0 is a certain explicit constant depending on the initial
datum and the physical parameters.
c) Uniqueness: If
(f¯0, g¯0) ∈
(
L1
(
0, T ; A˙ζ+1(T)
))2
,
then, the weak solution is unique.
We define the following constants:
C1 :=
1
2
E0(f¯0, g¯0)2 (23 + 5ρ+ 4µ) + 1
2
E0(f¯0, g¯0) (〈f0〉(36 + 12ρ) + 〈g0〉(33 + 3ρ+ 4µ))
+
1
2
(〈f0〉2(15 + 9ρ) + 〈g0〉2(12 + 12µ) + 〈f0〉〈g0〉(42 + 6ρ)) ,
C3 = E0(f¯0, g¯0)2
(
32 +
55
8
ρ+
15
2
µ
)
+ E0(f¯0, g¯0)
(
〈f0〉 (66 + 18ρ) + 〈g0〉
(
36 +
21
2
ρ+ 18µ
))
+
(
〈f0〉2
(
57
4
+
39
4
ρ
)
+ 〈g0〉2
(
27
2
+
15
2
µ
)
+ 〈f0〉〈g0〉
(
81
2
+
15
2
ρ
))
.
Theorem 6 (Two-phase thin film Stokes system – Sobolev regularity). Let the initial datum
(f¯0, g¯0) ∈
(
H˙(ζ+1)/2(T)
)2
for (17) be such that
E0(f¯0, g¯0) < min{〈f0〉, 〈g0〉}.
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Define ζ = 1 if D = ∂x (gravity driven flow) and ζ = 3 if D = −∂3x (capillary driven flow).
Assume that
min{Σ1,Σ2} > 0
and
(2ρ− 1)〈f0〉3 − 3
2
(ρ− 1)〈f0〉2〈g0〉 − 3〈f0〉〈g0〉2 − µ〈g0〉3 − E0(f¯0, g¯0)Cζ > 0,
µ〈g0〉3 + 3〈f0〉〈g0〉2 − 3
2
(ρ− 1)〈f0〉2〈g0〉 − 〈f0〉3 − E0(f¯0, g¯0)Cζ > 0.
Then, the global weak solution of (17) obtained in Theorem 5 also satisfies for all T > 0 that
(f¯ , g¯) ∈
(
C
(
0, T ; H˙(ζ+1)/2(T)
)
∩ L2
(
0, T ; H˙ζ+1(T)
))2
with
i) E(ζ+1)/2(f¯(T ), g¯(T )) + c1
∫ T
0 Eζ+1(f¯(s), g¯(s))ds ≤ c2,
ii) Es(f¯(t), g¯(t)) ≤ c3e−cT for all 0 ≤ s < (ζ + 1)/2,
for certain positive constants c = c(f¯0, g¯0, µ, ρ, ζ, s), ci = ci(f¯0, g¯0, µ, ρ, ζ), i = 1, 2, 3.
The remaining of the present work is devoted to the proofs of Theorem 1 - Theorem 6 given in
Section 4 - Section 9. The main ideas can be found in Section 4 (proof of Theorem 1), where
we show the existence of global weak solutions for initial data in the Wiener algebra A(T) with
explicit decay rates towards equilibia, and in Section 6 (proof of Theorem 3), where we show
that if the initial data satisfy additionally Sobolev regularity and some size restrictions, we can
propagate Sobolev regularity for the corresponding global weak solution.
4. Existence and decay for the capillary driven thin film Muskat system in the
Wiener algebra
The proof of Theorem 1 is split into several steps. Let us first observe that any local solution of
(10) satisfies some a priori energy estimates in the Wiener spaces.
Lemma 4.1 (Energy estimate). If (f¯ , g¯) ∈
(
C1
(
[0, T ); A˙(T)
))2
is a local solution of (10) to
the initial datum (f¯0, g¯0) ∈
(
A˙(T)
)2
satisfying the size restriction
σ1,A, σ2,A, σ1,b, σ2,b > 0, (23)
then there exist δA, δb > 0 such that
d
dt
E0(f¯(t), g¯(t)) + δAE4(f¯(t), g¯(t)) + δbE2(f¯(t), g¯(t)) ≤ 0 for all t ∈ (0, T )
and ∫ T
0
‖∂tf¯(t)‖A˙ + ‖∂tg¯(t)‖A˙ds ≤ c,
for an explicit constant c = c(f¯0, g¯0, µ±, ρ±, γf , γh).
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Proof. Let T > 0 and (f¯ , g¯) ∈
(
C1
(
[0, T ); A˙(T)
))2
be a local solution of (10) with initial
datum (f¯0, g¯0) ∈
(
A˙(T)
)2
. We are going to show that under the size restriction (23) on the
initial datum (f¯0, g¯0) the functional
E0(f¯ , g¯) = ‖f¯‖A˙ + ‖g¯‖A˙
decreases in time. To do so, we compute
∂t| ˆ¯f(k)| =
Re
(
ˆ¯f∗(k)∂t
ˆ¯f(k)
)
| ˆ¯f(k)|
,
where f¯∗ denotes the complex conjugate of f¯ . Then,
d
dt
‖f¯‖A˙ ≤ −〈f0〉
[
Aγ‖f¯‖A˙4 −A‖g¯‖A˙4 + bρ‖f¯‖A˙2 − b‖g¯‖A˙2
]
+ ‖N1,A‖A˙ + ‖N1,b‖A˙, (24)
and similarly,
d
dt
‖g¯‖A˙ ≤ −〈g0〉
[
Aµ‖g¯‖A˙4 −Aµ‖f¯‖A˙4 + bµ‖g¯‖A˙2 − bµ‖f¯‖A˙2
]
+ ‖N2,A‖A˙ + ‖N2,b‖A˙. (25)
We are going to use the Banach algebra property for functions having zero mean and the
interpolation inequality in Lemma 2.1 to estimate the nonlinear terms ‖Ni,A‖A˙ and ‖Ni,b‖A˙,
i = 1, 2. Notice first that due to the interpolation inequalities, we can estimate
‖f¯‖A˙1‖f¯‖A˙3 ≤ ‖f¯‖A˙‖f¯‖A˙4 , (26)
and
‖f¯‖A˙1‖g‖A˙3 ≤ max
{‖f¯‖A˙, ‖g¯‖A˙}max{‖f¯‖A˙4 , ‖g¯‖A˙4} ≤ E0(f¯ , g¯) (‖f¯‖A˙4 + ‖g¯‖A˙4) . (27)
Using, (26) and (27), we obtain that
‖N1,A‖A˙ ≤ ‖f¯‖A˙1
(
Aγ‖f¯‖A˙3 +A‖g¯‖A˙3
)
+ ‖f¯‖A
(
Aγ‖f¯‖A˙4 +A‖g¯‖A˙4
)
≤ 2Aγ‖f¯‖A˙‖f¯‖A˙4 +AE0(f¯ , g¯)
(‖f¯‖A˙4 + ‖g¯‖A˙4)+A‖f¯‖A˙‖g¯‖A˙4
≤ 2Aγ‖f¯‖A˙‖f¯‖A˙4 + 2AE0(f¯ , g¯)
(‖f¯‖A˙4 + ‖g¯‖A˙4)
≤ (2Aγ + 2A)E0(f¯ , g¯)
(‖f¯‖A˙4 + ‖g¯‖A˙4) .
(28)
Similarly,
‖N2,A‖A˙ ≤ Aµ‖g¯‖A˙1
(‖f¯‖A˙3 + ‖g¯‖A˙3)+Aµ‖g¯‖A˙ (‖f¯‖A˙4 + ‖g¯‖A˙4)
≤ 4AµE0(f¯(t), g¯(t))
(‖f¯‖A˙4 + ‖g¯‖A˙4) . (29)
In view of
‖f¯‖2
A˙1
≤ ‖f¯‖A˙‖f¯‖A˙2 ,
and
‖f¯‖A˙1‖g‖A˙1 ≤ max
{‖f¯‖A, ‖g¯‖A}max{‖f¯‖A˙2 , ‖g¯‖A˙2} ≤ E0(f¯ , g¯) (‖f¯‖A˙2 + ‖g¯‖A˙2) ,
the second order nonlinearities can be estimated as
‖N1,b‖A˙ ≤ ‖f¯‖A˙1
(
bρ‖f¯‖A˙1 + b‖g¯‖A˙1
)
+ ‖f¯‖A˙
(
bρ‖f¯‖A˙2 + b‖g¯‖A˙2
)
≤ (2bρ + 2b)E0(f¯ , g¯)(‖f¯‖A˙2 + ‖g¯‖A˙2)
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and
‖N2,b‖A˙ ≤ bµ‖g¯‖A˙1
(‖f¯‖A˙1 + ‖g¯‖A˙1)+ bµ‖g¯‖A˙ (‖f¯‖A˙2 + ‖g¯‖A˙2)
≤ 4bµE0(f¯ , g¯)(‖f¯‖A˙2 + ‖g¯‖A˙2).
(31)
Adding (24) and (25) and using (28), (29), (30), and (31), gives rise to
d
dt
E0(f¯ , g¯)(t) ≤ −
[〈f0〉Aγ − 〈g0〉Aµ − (Aµ + 2Aγ + 2A)E0(f¯(t), g¯(t))] ‖f¯‖A˙4
− [〈g0〉Aµ − 〈f0〉A− (Aµ + 2Aγ + 2A)E0(f¯(t), g¯(t))] ‖g¯‖A˙4
− [〈f0〉bρ − 〈g0〉bµ − E0(f¯(t), g¯(t))(2bρ + 2b+ 4bµ)] ‖f¯‖A˙2
− [〈g0〉bµ − 〈f0〉b− E0(f¯(t), g¯(t))(2bρ + 2b+ 4bµ)] ‖g¯‖A˙2 .
(32)
As a consequence of (23) we obtain that
d
dt
E0(f¯(t), g¯(t))
∣∣∣∣
t=0
≤ 0.
By continuity there exists a time t0 ∈ (0, T ) such that
E0(f¯(t), g¯(t)) ≤ E0(f¯(0), g¯(0)) for all t ∈ [0, t0]. (33)
We want to propagate the local in time decay (33) for all times t ∈ [0, T ). Let us emphasize
that E0(f¯(t), g¯(t)) ≤ E0(f¯0, g¯0) implies that for any t ∈ [0, t0] we have that
〈f0〉Aγ − 〈g0〉Aµ − (Aµ + 2Aγ + 2A)E0(f¯(t), g¯(t)) ≥ σ1,A > 0,
〈g0〉Aµ − 〈f0〉A− (Aµ + 2Aγ + 2A)E0(f¯(t), g¯(t)) ≥ σ2,A > 0.
and
〈f0〉bρ − 〈g0〉bµ − E0(f¯(t), g¯(t))(2bρ + 2b+ 4bµ) ≥ σ1,b > 0,
〈g0〉bµ − 〈f0〉b− E0(f¯(t), g¯(t))(2bρ + 2b+ 4bµ) ≥ σ2,b > 0.
Assume that
E0(f¯(t), g¯(t)) ≤ E0(f¯0, g¯0)
holds for a maximal time interval [0, tm] and tm < T . Then E0(f¯(tm), g¯(tm)) = E0(f¯0, g¯0), but
again in view of (32) this implies that
d
dt
E0(f¯(t), g¯(t))
∣∣∣∣
t=tm
≤ 0,
which is a contradiction to tm < T and we have shown that in fact
E0(f¯(t), g¯(t)) ≤ E0(f¯0, g¯0) for all t ∈ [0, T ).
Now, setting δA := min{σ1,A, σ2,A} and δb := min{σ1,b, σ2,b}, inequality (32) reads
d
dt
E0(f¯(t), g¯(t)) ≤ −δAE4(f¯(t), g¯(t))− δbE2(f¯(t), g¯(t)) for all t ∈ [0, T ).
Finally, we observe that our estimates in the Wiener space (32) and
E0(f¯(T ), g¯(T )) +
∫ T
0
δAE4(f¯(t), g¯(t)) + δbE2(f¯(t), g¯(t))dt ≤ E0(f¯0, g¯0).
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guarantee that ∫ T
0
‖∂tf¯(t)‖A˙ + ‖∂tg¯(t)‖A˙ds ≤ c,
for an explicit constant c = c(f¯0, g¯0, µ±, ρ±, γf , γh) > 0.

4.1. Existence of global weak solutions. We start be constructing a global Galerkin ap-
proximation to (10). The a priori estimates provided by the energy functional E0 then allow us
to pass to the limit and to obtain a global weak solution in the sense of Definition 1. We are
looking for continuously differentiable functions f¯k, g¯k such that problem (10) is satisfied in the
weak sense when testing against functions form a k-dimensional subspace. For this purpose, set
f¯k(t, x) :=
∑
|n|≤k
ˆ¯f(t, n)einx and g¯k(t, x) :=
∑
|n|≤k
ˆ¯g(t, n)einx for k ∈ N.
Since f¯0, g¯0 ∈ A˙(T) their Fourier series converge and we define
f¯k(0, x) :=
∑
|n|≤k
ˆ¯f0(n)e
inx and g¯k(0, x) :=
∑
|n|≤k
ˆ¯g0(n)e
inx for k ∈ N.
Let us denote by {φj(x)}j∈N := {eijx}j∈N an orthogonal basis of L2(T). For k ∈ N, we consider
the Galerkin approximated problems
∂tf¯k = −〈f0〉
[
Aγ∂
4
xf¯k +A∂
4
xg¯k − bρ∂2xf¯k − b∂2xg¯k
]
+Nk1,A +N
k
1,b,
∂tg¯k = −〈g0〉
[
Aµ∂
4
xf¯k +Aµ∂
4
xg¯k − bµ∂2xf¯k − bµ∂2xg¯k
]
+Nk2,A +N
k
2,b,
(34)
where the nonlinear terms Nki,A and N
k
i,b, i = 1, 2 are given by
Nk1,A := −∂xPk
[
f¯k
(
Aγ∂
3
xf¯k +A∂
3
xg¯k
)]
,
Nk1,b := ∂xPk
[
f¯k
(
bρ∂xf¯k + b∂xg¯k
)]
,
Nk2,A := −∂xPk
[
g¯k
(
Aµ∂
3
xf¯k +Aµ∂
3
xg¯k
)]
,
Nk2,b := ∂xPk
[
f¯k
(
bµ∂xf¯k + bµ∂xg¯k
)]
,
and Pk denotes the projection on the subspace spanned by {φ−k, . . . , φk}. Testing the equations
in (34) subsequently against φn, n = −k, . . . , k, yields a system of ordinary differential equations
for the unknowns { ˆ¯f(·, n), ˆ¯g(·, n)}. Then, the Picard–Lindelo¨f theorem implies the existence of
local solutions (f¯k, g¯k) ∈ C1([0, Tk), C∞(T)) to the approximate problem, where Tk > 0 is the
maximal time of existence. Moreover, the statement of Lemma 4.1 remains true for (f¯k, g¯k)k∈N
and consequently the sequence of solutions exists globally and satisfies for any T > 0 the following
bounds:
(f¯k, g¯k)k is uniformely bounded in
(
L∞
(
0, T ; A˙(T)
)
∩ L1
(
0, T ; A˙4(T)
))2
, (35)
(∂tf¯k, ∂tg¯k)k is uniformely bounded in
(
L1
(
0, T ; A˙(T)
))2
. (36)
From here we obtain the following convergences:
Lemma 4.2. The sequence
(
f¯k, g¯k
)
k
satisfies
i) (f¯k, g¯k)
∗
⇀ (f¯ , g¯) in (L∞ (0, T ;L∞(T)))2,
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(∂4xf¯k, ∂
4
xg¯k)
∗
⇀ (∂4xf¯ , ∂
4
xg¯) in (M (0, T ;L∞(T)))2,
ii) (f¯k, g¯k)→ (f¯ , g¯) in
(
L1
(
0, T ;C3+α(T)
))2
,
iii) (∂3xf¯k, ∂
3
xg¯k)
∗
⇀ (∂3xf¯ , ∂
3
xg¯) in
(
L
4
3 (0, T ;L∞(T))
)2
iv) (f¯k, g¯k)⇀ (f¯ , g¯) in
(
L2
(
0, T ;H2(T)
))2
, and
(f¯k, g¯k)→ (f¯ , g¯) in
(
L2
(
0, T ;C1+α(T)
))2
,
where α ∈ [0, 12). Moreover, the limit function (f¯ , g¯) possesses the regularity
(f¯ , g¯) ∈
(
L∞ (0, T ;L∞(T)) ∩M (0, T ;W 4,∞(T))
∩ L1 (0, T ;C3+α(T)) ∩ L 43 (0, T ;W 3,1(T)) ∩ L2 (0, T ; H˙2(T)))
for α ∈ [0, 12 ).
Proof. i) From (35) we obtain in particular the uniform bound of (f¯k, g¯k)k in(
L∞ (0, T ;L∞(T)) ∩M (0, T ;W 4,∞(T)))2 .
By the Banach–Alaoglu theorem, we deduce that there exists a subsequence (not rela-
beled) such that
(f¯k, g¯k)
∗
⇀ (f¯ , g¯) in (L∞ (0, T ;L∞(T)))2 ,
(∂4xf¯k, ∂
4
xg¯k)
∗
⇀ (∂4xf¯ , ∂
4
xg¯) in (M(0, T ;L∞(T)))2 .
ii) Due [31, Corollary 4], (35) together with (36) imply that
(f¯k, g¯k)k is relatively compact in
(
L1
(
0, T ;C3+α(T)
))2
.
In particular, there exists a subsequence (not relabeled) such that
(f¯k, g¯k)→ (f¯ , g¯) in
(
L1
(
0, T ;C3+α(T)
))2
.
iii) Notice first that A3(T) ⊂ W 3,∞(T). Then the interpolation inequality in (19) implies
that
L∞
(
0, T ; A˙(T)
)
∩ L1
(
0, T ; A˙4(T)
)
⊂ L 43 (0, T ;W 3,∞(T)) .
As in i), we deduce by the Banach–Alaoglu theorem that there exists a subsequence (not
relabeled) such that
(∂3xf¯k, ∂
3
xg¯k)
∗
⇀ (∂3xf¯ , ∂
3
xg¯) in L
4
3 (0, T ;L∞(T)) .
iv) Since Hα(T) ⊂ Aα(T) for any α ∈ R+, the interpolation inequality for fractional Sobolev
spaces implies that
L∞(0, T ; A˙(T)) ∩ L1
(
0, T ; A˙4(T)
)
⊂ L2
(
0, T ; H˙2(T)
)
.
In particular we deduce that
(f¯k, g¯k)k is uniformely bounded in
(
L2
(
0, T ; H˙2(T)
))2
.
By the Eberlein–Sˇmulian theorem, there exists a weakly convergent subsequence (not
relabeled) such that
(f¯k, g¯k)⇀ (f¯ , g¯) in
(
L2
(
0, T ; H˙2(T)
))2
.
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Again, by [31, Corollary 4] together with (36) we obtain that
(f¯k, g¯k)k is relatively compact in
(
L2
(
0, T ;C1+α(T)
))2
for any α ∈ [0, 12). Hence, there exists a subsequence (not relabeled) such that
(f¯k, g¯k)→ (f¯ , g¯) in
(
L2
(
0, T ;C1+α(T)
))2
.
Notice that due to the weak and weak-* convergences stated before, we can identify the limit
function (f¯ , g¯) to belong to the space(
L∞ (0, T ;L∞(T)) ∩M (0, T ;W 4,∞(T)) ∩ L 43 (0, T ;W 3,∞(T)))2 .
Together with the strong convergence in ii), the stated regularity for the limit function is ob-
tained. 
Equipped with the convergences in Lemma 4.2, we can pass to the limit in the weak formulation
of (34).
4.2. Exponential decay towards the equilibrium. Since the Galerkin approximation sat-
isfies the energy inequality in Lemma 4.1, we can use the Poincare´-like inequality for zero-mean
functions in Wiener spaces and deduce that
d
dt
E0(f¯k, g¯k)(t) ≤ −δAE4(f¯k, g¯k)(t)− δbE2(f¯k, g¯k)(t) ≤ −(δA + δb)E0(f¯ , g¯)(t),
which implies the exponential decay
E0(f¯k, g¯k)(t) ≤ E0(f¯0, g¯0)e−(δA+δb)t.
Due to the fact that the weak-* convergence in Banach spaces is lower semi-continuous, Lemma
4.1 i) implies that for almost all T > 0:
E0(f¯ , g¯)(t) ≤ lim inf
k→∞
E0(f¯k, g¯k)(t) ≤ E0(f¯0, g¯0)e−(δA+δb)t,
which proves the decay assertion in Theorem 1 b).
Remark 4.3. We see that the presents of surface tension effects improves the estimate for the
exponential decay.
4.3. Uniqueness. The uniqueness of the solution to (10) in the class of
L1
(
0, T ; A˙4(T)
)
,
can be obtained by a standard contradiction argument. For the sake of brevity we only give a
sketch of the proof. First we assume that there exist two different couples of solutions (f¯1, g¯1)
and (f¯2, g¯2). Notice that then (f¯i, g¯i) ∈
(
W 1,1
(
0, T ; A˙(T)
))2
, i = 1, 2, and we can estimate
E0(f¯1− f¯2, g¯1− g¯2) as in the previous section using the smallness assumption on the initial datum
(f¯0, g¯0). Eventually, we arrive at the inequality
d
dt
E0(f¯1 − f¯2, g¯1 − g¯2) ≤ cE0(f¯1 − f¯2, g¯1 − g¯2)
(E4(f¯1, g¯1) + E4(f¯2, g¯2)) ,
where c > 0 is a constant. The statement is then a consequence of the Gronwall inequality and
the fact that
(f¯1(0), g¯1(0)) = (f¯2(0), g¯2(0)) = (f¯0, g¯0).
22 G. BRUELL AND R. GRANERO-BELINCHO´N
5. Existence and decay for the gravity driven thin film Muskat system in the
Wiener algebra
When surface tension effects are neglected, system (10) reads
∂tf¯ = 〈f0〉
[
bρ∂
2
xf¯ + b∂
2
xg¯
]
+N1,b,
∂tg¯ = 〈g0〉
[
bµ∂
2
xf¯ + bµ∂
2
xg¯
]
+N2,b,
where the nonlinear terms Ni,b, i = 1, 2, are given in (11) and (12). Repeating the arguments
used for the the capillary driven flow in the previous section, we obtain that (32) is replaced by
the inequality
d
dt
E0(f¯ , g¯)(t) ≤ −
[〈f0〉bρ − 〈g0〉bµ − E0(f¯ , g¯)(2bρ + 2b+ 4bµ)] ‖f¯‖A˙2
− [〈g0〉bµ − 〈f0〉b− E0(f¯ , g¯)(2bρ + 2b+ 4bµ)] ‖g¯‖A˙2 .
From this point on, the proof follows by the same techniques as in the previous section.
6. Existence and decay for the capillary driven thin film Muskat system in
Sobolev spaces
Clearly, the assumptions of Theorem 3 guarantee the existence of a global weak solution as in
Theorem 1. In this section, we show that under the condition that the initial datum belongs to
the Sobolev space H˙2(T) and satisfies additional size restrictions (in the Wiener algebra A(T)),
we can propagate Sobolev regularity of the solution and energy estimates in Sobolev spaces.
Here, we only prove the a priori energy estimates in the Sobolev space
L∞
(
0, T ; H˙2(T)
)
∩ L2
(
0, T ; H˙4(T)
)
,
the rest of the proof being straightforward.
Let (f¯k, g¯k) be a sequence of Galerkin approximations as in Theorem 1 corresponding to an initial
datum (f¯0, g¯0) (satisfying the conditions of Theorem 3). We know that the sequence is uniformly
(with respect to k) bounded in
(
L∞
(
0, T ; A˙(T)
)
∩ L1
(
0, T ; A˙4(T)
))2
for all 0 < T < ∞ (cf.
(35)).
Multiplying the first equation in (34) by ∂4xf¯k, we find that
1
2
d
dt
‖f¯k‖2H˙2 =
∫
T
∂4xf¯k∂tf¯kdx
≤ −〈f0〉Aγ‖f¯k‖2H˙4 + ‖f¯k‖H˙4〈f0〉A‖g¯k‖H˙4 − 〈f0〉bρ‖f¯k‖2H˙3 + 〈f0〉b‖g¯k‖H˙4‖f¯k‖H˙2
+
∫
T
∂4xf¯kPk
[−∂x [f¯k (Aγ∂3xf¯k +A∂3xg¯k)]+ ∂x [f¯k (bρ∂xf¯k + b∂xg¯k)]] dx.
(37)
Then, using
‖h‖H˙4 ≤
√
2π‖h‖W˙ 4,∞ ≤
√
2π‖h‖A˙4
and the properties of the solution described in Theorem 1, we have that (37) can be estimated
as
1
2
d
dt
‖f¯k‖2H˙2 ≤ −〈f0〉Aγ‖f¯k‖2H˙4 + ‖f¯k‖H˙4〈f0〉A‖g¯k‖H˙4 − 〈f0〉bρ‖f¯k‖2H˙3 + cE4(f¯k, g¯k)
√
E2(f¯k, g¯k)
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+
∫
T
∂4xf¯kPk
[−∂x [f¯k (Aγ∂3xf¯k +A∂3xg¯k)]] dx,
where c = c(f¯0, g¯0, µ±, ρ±, γf , γh) > 0. Integrating by parts appropriately, and using the defini-
tions of (20), (21) and (22), we find that∫
T
∂4xf¯kPk
[
∂x
[
f¯k
(
Aγ∂
3
xf¯k +A∂
3
xg¯k
)]]
dx ≤ Aγ‖f¯k‖L∞‖f¯k‖2H˙4 +A‖f¯k‖L∞‖f¯k‖H˙4‖g¯k‖H˙4
+
Aγ
4
E4(f¯k, g¯k)E2(f¯k, g¯k) +A
∫
T
∂xf¯k∂
4
xf¯k∂
3
xg¯k dx (38)
≤
√
2Aγ‖f¯k‖H˙4E0(f¯k, g¯k)
√
E4(f¯k, g¯k) +
Aγ
4
E4(f¯k, g¯k)E2(f¯k, g¯k)
+A
∫
T
∂xf¯kPk(∂
4
xf¯k∂
3
xg¯k) dx.
We recall the Kolmogorov-Landau inequality
‖∂xh‖2L∞ ≤ 2‖h‖L∞‖∂2xh‖L∞ . (39)
Applying the latter twice yields
‖∂2xh‖L∞ ≤ 4‖h‖
1
2
L∞‖∂4xh‖
1
2
L∞ .
The above inequality is going to be useful when estimating the last integral in (38). This integral
is delicate because of the lack of integration by parts procedure. Instead, we use that
‖∂xh‖2L4 ≤ 3‖h‖L∞‖h‖H˙2 and ‖∂3xh‖2L4 ≤ 3‖∂2xh‖L∞‖h‖H˙4
together with the interpolation inequality for Sobolev spaces to estimate the remaining integral
as∣∣∣∣
∫
T
∂xf¯Pk(∂
4
xf¯∂
3
xg¯)dx
∣∣∣∣ ≤ ‖f¯k‖H˙4‖∂xf¯k‖L4‖∂3xg¯k‖L4
≤ 3‖f¯k‖H˙4
√
‖f¯k‖L∞‖f¯k‖H˙2
√
‖∂2xg¯k‖L∞‖g¯k‖H˙4
≤ 12‖f¯k‖H˙4 4
√
E4(f¯k, g¯k)
√
E0(f¯k, g¯k)‖f¯k‖H˙2 4
√
E0(f¯k, g¯k)E4(f¯k, g¯k).
(40)
Collecting all the previous estimates, we find that
1
2
d
dt
‖f¯k‖2H˙2 ≤ −〈f0〉Aγ‖f¯k‖2H˙4 + ‖f¯k‖H˙4〈f0〉A‖g¯k‖H˙4 − 〈f0〉bρ‖f¯k‖2H˙3 + cE4(f¯k, g¯k)
√
E2(f¯k, g¯k)
+
√
2AγE0(f¯k, g¯k)‖f¯k‖H˙4
√
E4(f¯k, g¯k) +
Aγ
4
E4(f¯k, g¯k)E2(f¯k, g¯k)
+ 12A‖f¯k‖H˙4 4
√
E4(f¯k, g¯k)
√
E0(f¯k, g¯k)‖f¯k‖H˙2 4
√
E0(f¯k, g¯k)E4(f¯k, g¯k).
(41)
Similarly, we multiply the second equation in (10) by ∂4xg¯k and we find that
1
2
d
dt
‖g¯k‖2H˙2 = 〈g0〉Aµ‖f¯k‖H˙4‖g¯k‖H˙4 − 〈g0〉Aµ‖g¯k‖2H˙4 + C
√
E2(f¯k, g¯k)E4(f¯k, g¯k)− 〈g0〉bµ‖g¯k‖2H˙3
+
√
2Aµ‖g¯k‖H˙4E0(f¯k, g¯k)
√
E4(f¯k, g¯k) +
Aγ
4
E4(f¯k, g¯k)E2(f¯k, g¯k)
+ 12Aµ‖g¯k‖H˙4 4
√
E4(f¯k, g¯k)
√
E0(f¯k, g¯k)‖g¯k‖H˙2 4
√
E0(f¯k, g¯k)E4(f¯k, g¯k).
(42)
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Summing up (41) and (42) and using
√
x ≤ 1 + x, we obtain that
1
2
d
dt
E2(f¯k, g¯k) ≤ ‖f¯k‖H˙4〈f0〉A‖g¯k‖H˙4 + 〈g0〉Aµ‖f¯k‖H˙4‖g¯k‖H˙4 − 〈f0〉Aγ‖f¯k‖2H˙4 − 〈g0〉Aµ‖g¯k‖2H˙4
+ c(E2(f¯k, g¯k) + 1)E4(f¯k, g¯k)− 〈g0〉bµ‖g¯k‖2H˙3 − 〈f0〉bρ‖f¯k‖2H˙3
+
√
2Aµ‖g¯k‖H˙4E0(f¯k, g¯k)
√
E4(f¯k, g¯k) +
√
2AγE0(f¯k, g¯k)‖f¯k‖H˙4
√
E4(f¯k, g¯k)
+ 12Aµ‖g¯k‖H˙4 4
√
E4(f¯k, g¯k)
√
E0(f¯k, g¯k)‖g¯k‖H˙2 4
√
E0(f¯k, g¯k)E4(f¯k, g¯k)
+ 12A‖f¯k‖H˙4 4
√
E4(f¯k, g¯k)
√
E0(f¯k, g¯k)‖f¯k‖H˙2 4
√
E0(f¯k, g¯k)E4(f¯k, g¯k).
Young’s inequality implies that
K‖g¯‖H˙4 4
√
E4(f¯k, g¯k)E0(f¯k, g¯k)
3/4
√
‖g¯k‖H˙2 4
√
E4(f¯k, g¯k)
≤ 3
4
E4(f¯k, g¯k)E0(f¯k, g¯k) +
K4
4
‖g¯k‖2H˙2E4(f¯k, g¯k),
K‖f¯k‖H˙4 4
√
E4(f¯k, g¯k)E0(f¯k, g¯k)
3/4
√
‖f¯k‖H˙2 4
√
E4(f¯k, g¯k)
≤ 3
4
E4(f¯k, g¯k)E0(f¯k, g¯k) +
K4
4
‖f¯k‖2H˙2E4(f¯k, g¯k)
(43)
for any positive constant K. We find that
‖f¯k‖H˙4‖g¯k‖H˙4(〈f0〉A+ 〈g0〉Aµ) ≤
E4(f¯k, g¯k)
2
(〈f0〉A+ 〈g0〉Aµ),
and
√
2(Aµ‖g¯k‖H˙4 +Aγ‖f¯k‖H˙4)E0(f¯k, g¯k)
√
E4(f¯k, g¯k) ≤
√
2(Aµ +Aγ)E0(f¯k, g¯k)E4(f¯k, g¯k).
Eventually, we can further regroup terms and conclude that
1
2
d
dt
E2(f¯k, g¯k) ≤ E4(f¯k, g¯k)
2
(〈f0〉A+ 〈g0〉Aµ)− 〈f0〉Aγ‖f¯k‖2H˙4 − 〈g0〉Aµ‖g¯k‖2H˙4
+ c
(
1 + E2(f¯ , g¯)
)
E4(f¯k, g¯k)− 〈g0〉bµ‖g¯k‖2H˙3 − 〈f0〉bρ‖f¯k‖2H˙3
+
(√
2Aγ +
√
2Aµ +
9
4
A+
9
4
Aµ
)
E0(f¯k, g¯k)E4(f¯k, g¯k).
Using that
Es(f¯ , g¯) ≤ Es(f¯ , g¯),
the additional assumptions in Theorem 3, which are given by
〈g0〉Aµ − 〈f0〉A+ 〈g0〉Aµ
2
−
(√
2Aγ +
9
4
A+
(√
2 +
9
4
)
Aµ
)
E0(f¯0, g¯0) > 0,
〈f0〉Aγ − 〈f0〉A+ 〈g0〉Aµ
2
−
(√
2Aγ +
9
4
A+
(√
2 +
9
4
)
Aµ
)
E0(f¯0, g¯0) > 0,
together with the decay of Theorem 1 imply the existence of 0 < δi ≪ 1, i = 1, 2 small enough
such that
d
dt
E2(f¯k, g¯k) + δ1E4(f¯k, g¯k) + δ2E3(f¯k, g¯k) ≤ c(E2(f¯k, g¯k) + 1)E4(f¯k, g¯k).
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Due to Theorem 1, we know that the Galerkin approximation (f¯k, g¯k) satisfies
(f¯k, g¯k) ∈
(
L1
(
0, T ; A˙4(T)
))2
.
In particular, E4(f¯k(s), g¯k(s)) is integrable and∫ T
0
E4(f¯k(s), g¯k(s))ds ≤ cE0(f¯0, g¯0) for any T > 0.
Therefore, using the Gronwall inequality, we conclude that
E2(f¯k, g¯k)(t) ≤ E2(f¯0, g¯0)
(
ec
∫ t
0 E4(f¯k(s),g¯k(s)) ds − 1
)
≤ cE2(f¯0, g¯0) for any T > 0
and we obtain the desired Sobolev regularity for the Galerkin approximation. The exponential
decay in Hs(T) for 0 ≤ s < 2 is guaranteed by standard Sobolev interpolation. Thus,
(f¯k, g¯k)k is uniformely bounded in
(
L∞
(
0, T ; H˙2(T)
)
∩ L2
(
0, T ; H˙4(T)
))2
,
(∂tf¯k, ∂tg¯k)k is uniformely bounded in
(
L2
(
0, T ;L2(T)
))2
.
Then, a standard argument as in Lemma 4.2 guarantees that the there exists a subsequence of
(f¯k, g¯k)k (not relabeled) satisfying
i) (f¯k, g¯k)⇀ (f¯ , g¯) in
(
L∞(0, T ; H˙2(T))
)2
,
ii) (f¯k, g¯k)⇀ (f¯ , g¯) in
(
L2
(
0, T ; H˙4(T)
))2
,
iii) (f¯k, g¯k)→ (f¯ , g¯) in
(
L2
(
0, T ;C3+α(T)
) ∩C ([0, T ];C1+α(T)))2 for α ∈ [0, 12 ),
iv) (∂tf¯k, ∂tg¯k)⇀ (∂tf¯ , ∂tg¯) in
(
L2
(
0, T ;L2(T)
))2
.
Moreover, in view of the convergences above the limit function (f¯ , g¯) possesses the regularity
(f¯ , g¯) ∈
(
C
(
0, T ; H˙2(T)
)
∩ L2
(
0, T ; H˙4(T)
))2
.
Finally, we can pass to the limit as in Theorem 1.
7. Existence and decay for the gravity driven thin film Muskat system in
Sobolev spaces
The proof of Theorem 4 essentially follows the lines in the previous section. To obtain the a
priori estimate in Sobolev spaces, we multiply the equation for f¯ by −∂2xf¯ and integrate by parts
to obtain the inequality
1
2
d
dt
‖f¯‖2
H˙1
≤ −〈f0〉bρ‖f¯‖2H˙2 + 〈f0〉b‖f¯‖H˙2‖g¯‖H˙2 + bρ‖f¯‖2H˙2‖f¯‖L∞ +
5b
2
‖f¯‖L∞‖f¯‖H˙2‖g¯‖H˙2 .
Analogously, multiplying the equation for g¯ by −∂2xg¯ and integrating by parts yields that
1
2
d
dt
‖g¯‖2
H˙1
≤ 〈g0〉bµ‖f¯‖H˙2‖g¯‖H˙2 − 〈g0〉bµ‖g¯‖2H˙2 + bµ‖g¯‖2H˙2‖g¯‖L∞ +
5bµ
2
‖g¯‖L∞‖f¯‖H˙2‖g¯‖H˙2 .
Taking the sum of both inequalities, we obtain that
1
2
d
dt
E1(f¯ , g¯) ≤ 1
2
(〈g0〉bµ + 〈f0〉b)E2(f¯ , g¯)− 〈f0〉bρ‖f¯‖2H˙2 − 〈g0〉bµ‖g¯‖2H˙2
+
(
bρ + bµ +
5bµ
2
+
5b
2
)
E2(f¯ , g¯)E0(f¯ , g¯).
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From here on, we can conclude the statement using the previous ideas and Theorem 2.
8. Existence and decay for the thin film Stokes system in the Wiener algebra
The proof of Theorem 5 is similar to the proof of the corresponding results for the two-phase
thin film Muskat problem in Theorem 1 and Theorem 2. Therefore, we only provide the energy
estimates. Recalling the definition of ζ from the statement of Theorem 5, we compute
d
dt
‖f¯‖A˙ ≤ −
(
2ρ〈f0〉3 + 3〈f0〉2〈g0〉
) ‖f¯‖A˙ζ+1 + (2〈f0〉3 + 3〈f0〉2〈g0〉)‖g¯‖A˙ζ+1
+ ‖N1‖A˙ + ‖N2‖A˙
(44)
and
d
dt
‖g¯‖A˙ ≤
(
2µ〈g0〉3 + 3ρ〈f0〉2〈g0〉+ 6〈f0〉〈g0〉2
) ‖f¯‖A˙ζ+1
− (2µ〈g0〉3 + 3〈f0〉2〈g0〉+ 6〈f0〉〈g0〉2) ‖g¯‖A˙ζ+1 + ‖N3‖A˙ + ‖N4‖A˙.
The nonlinear terms Ni, i = 1 . . . 4, can be estimated as follows:
‖N1‖A˙ ≤ E0(f¯ , g¯)
[
(3 + 2ρ)E0(f¯ , g¯)2 + E0(f¯ , g¯)(6(1 + ρ)〈f0〉+ 3〈g0〉)
+ (3 + 6ρ)〈f0〉2 + 6〈f0〉〈g0〉
]
‖f¯‖A˙ζ+1
+ E0(f¯ , g¯)
[
(6ρ+ 9)E0(f¯ , g¯)2 + (〈f0〉(12ρ + 12) + 6〈g0〉)E0(f¯ , g¯)
+ 6〈f0〉〈g0〉+ (3 + 6ρ)〈f0〉2
]
Eζ+1(f¯ , g¯),
‖N2‖A˙ ≤ E0(f¯ , g¯)
[
5E0(f¯ , g¯)2 + E0(f¯ , g¯)(12〈f0〉+ 3〈g0〉) + 9〈f0〉2 + 6〈f0〉〈g0〉
]
‖g¯‖A˙ζ+1
+ E0(f¯ , g¯)
[
15E0(f¯ , g¯)2 + (24〈f0〉+ 6〈g0〉)E0(f¯ , g¯) + 6〈f0〉〈g0〉+ 9〈f0〉2
]
Eζ+1(f¯ , g¯),
(45)
‖N3‖A˙ ≤ E0(f¯ , g¯)
[
(2µ+ 3ρ+ 6) E0(f¯ , g¯)2 + ((6µ + 3ρ+ 12)〈g0〉+ 6(ρ+ 1)〈f0〉) E0(f¯ , g¯)
+ 6µ〈g0〉2 + 3ρ(〈f0〉2 + 2〈f0〉〈g0〉) + 6(〈g0〉2 + 2〈g0〉〈f0〉)
]
‖f¯‖A˙ζ+1
+ E0(f¯ , g¯)
[
(6µ+ 9ρ+ 18) E0(f¯ , g¯)2 + 6µ〈g0〉2 + 3ρ(〈f0〉2 + 2〈f0〉〈g0〉) + 6〈g0〉2
+ 12〈g0〉〈f0〉+ ((12µ + 6ρ+ 24)〈g0〉+ 12ρ〈f0〉+ 12〈f0〉) E0(f¯ , g¯)
]
Eζ+1(f¯ , g¯),
(46)
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‖N4‖A˙ ≤ E0(f¯ , g¯)
[
(2µ+ 9) E0(f¯ , g¯)2 + ((6µ + 15)〈g0〉+ 12〈f0〉) E0(f¯ , g¯)
+ 6µ〈g0〉2 + 3(〈f0〉2 + 2〈f0〉〈g0〉) + 6(〈g0〉2 + 2〈g0〉〈f0〉)
]
‖g¯‖A˙ζ+1
+ E0(f¯ , g¯)
[
(6µ + 27) E0(f¯ , g¯)2 + 6µ〈g0〉2 + 3(〈f0〉2 + 2〈f0〉〈g0〉) + 6〈g0〉2
+ 12〈g0〉〈f0〉+ ((12µ + 30)〈g0〉+ 24〈f0〉) E0(f¯ , g¯)
]
Eζ+1(f¯ , g¯).
(47)
Collecting the above inequalities (44)-(47), we obtain that
d
dt
E0(f¯ , g¯) ≤ −Σ1(t)‖f¯‖A˙ζ+1 − Σ2(t)‖g¯‖A˙ζ+1 ,
where
Σ1(t) = 2ρ〈f0〉3 + 3〈f0〉2〈g0〉(1− ρ)−
(
2µ〈g0〉3 + 6〈f0〉〈g0〉2
)
− E0(f¯ , g¯)
[
(78 + 20ρ+ 14µ)E0(f¯ , g¯)2 + (〈f0〉(36ρ + 84) + (81 + 30µ + 9ρ)〈g0〉)E0(f¯ , g¯)
]
− E0(f¯ , g¯)
[
(18µ + 18)〈g0〉2 + (18ρ + 18)〈f0〉2 + (12ρ+ 60)〈g0〉〈f0〉
]
,
Σ2(t) = 2µ〈g0〉3 + 6〈f0〉〈g0〉2 − 2〈f0〉3
− E0(f¯ , g¯)
[
(14µ + 15ρ+ 83)E0(f¯ , g¯)2 + ((30µ + 6ρ+ 84)〈g0〉+ (96 + 24ρ)〈f0〉) E0(f¯ , g¯)
]
− E0(f¯ , g¯)
[
(18µ + 18)〈g0〉2 + (27 + 9ρ)〈f0〉2 + (6ρ+ 66)〈f0〉〈g0〉
]
.
Consequently, under the hypotheses of the theorem, there exists a constant 0 < ε≪ 1 such that
d
dt
E0(f¯ , g¯) + εEζ+1(f¯ , g¯) ≤ 0.
The rest of the proof follows similarly as in Theorem 1.
9. Existence and decay for the thin film Stokes system in Sobolev spaces
The proof of Theorem 6 is similar to the proof of Theorem 3. To obtain the desired energy
estimates, we multiply the equation for f¯ in (17) by −∂xD f¯ and integrate by parts. We find
that
1
2
d
dt
‖f¯‖2
H˙(ζ+1)/2
≤ − (2ρ〈f0〉3 + 3〈f0〉2〈g0〉) ‖f¯‖2H˙ζ+1 + (2〈f0〉3 + 3〈f0〉2〈g0〉)‖f¯‖H˙ζ+1‖g¯‖H˙ζ+1
−
∫
T
N1∂xD f¯dx−
∫
T
N2∂xD f¯dx,
where ∫
T
N1∂xD f¯dx = K1 +K2 +K3 and
∫
T
N2∂xD f¯dx = K4 +K5 +K6,
with with K1, . . . ,K6 being defined as:
K1 :=
∫
T
3(f¯2g¯ + 2f¯ g¯〈f0〉+ f¯2〈g0〉+ g¯〈f0〉2 + 2f¯〈f0〉〈g0〉)(∂xD f¯)2dx
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+
∫
T
2ρ(f¯3 + 3f¯2〈f0〉+ 3f¯〈f0〉2)(∂xD f¯)2dx,
K2 := −1
2
∫
T
∂2x
[
3(f¯2g¯ + 2f¯ g¯〈f0〉+ f¯2〈g0〉+ g¯〈f0〉2 + 2f¯〈f0〉〈g0〉)
]
(D f¯)2dx,
K3 := −1
2
∫
T
∂2x
[
2ρ(f¯3 + 3f¯2〈f0〉+ 3f¯〈f0〉2)
]
(D f¯)2dx,
K4 :=
∫
T
3(f¯2g¯ + 2f¯ g¯〈f0〉+ f¯2〈g0〉+ g¯〈f0〉2 + 2f¯〈f0〉〈g0〉)∂xD g¯∂xD f¯dx
+
∫
T
2(f¯3 + 3f¯2〈f0〉+ 3f¯〈f0〉2)∂xD g¯∂xD f¯dx,
K5 :=
∫
T
∂x
[
3(f¯2g¯ + 2f¯ g¯〈f0〉+ f¯2〈g0〉+ g¯〈f0〉2 + 2f¯〈f0〉〈g0〉)
]
D g¯∂xD f¯dx,
K6 :=
∫
T
∂x
[
2(f¯3 + 3f¯2〈f0〉+ 3f¯〈f0〉2)
]
D g¯∂xD f¯dx.
Similarly,
1
2
d
dt
‖g¯‖2
H˙(ζ+1)/2
≤ − (2µ〈g0〉3 + 3〈f0〉2〈g0〉+ 6〈f0〉〈g0〉2) ‖g¯‖2H˙ζ+1
+
(
2µ〈g0〉3 + 3ρ〈f0〉2〈g0〉+ 6〈f0〉〈g0〉2
) ‖f¯‖H˙ζ+1‖g¯‖H˙ζ+1
−
∫
T
N3∂xD g¯dx−
∫
T
N4∂xD g¯dx,
where ∫
T
N3∂xD g¯dx = K7 +K8 +K9 and
∫
T
N4∂xD g¯dx = K10 +K11 +K12,
with K7, . . . ,K12 being defined as:
K7 :=
∫
T
(
2µ(g¯3 + 3g¯2〈g0〉+ 3g¯〈g0〉2) + 3ρ(f¯2g¯ + 2f¯ g¯〈f0〉+ f¯2〈g0〉+ g¯〈f0〉2
+2f¯〈f0〉〈g0〉)
)
∂xD f¯∂xD g¯ dx
+
∫
T
(
6(g¯2f¯ + 2g¯f¯〈g0〉+ g¯2〈f0〉+ f¯〈g0〉2 + 2g¯〈g0〉〈f0〉)
)
∂xD f¯∂xD g¯ dx,
K8 :=
∫
T
∂x
(
2µ(g¯3 + 3g¯2〈g0〉+ 3g¯〈g0〉2) + 3ρ(f¯2g¯ + 2f¯ g¯〈f0〉+ f¯2〈g0〉+ g¯〈f0〉2
+2f¯〈f0〉〈g0〉)
)
D f¯∂xD g¯ dx,
K9 := 6
∫
T
∂x
(
g¯2f¯ + 2g¯f¯〈g0〉+ g¯2〈f0〉+ f¯〈g0〉2 + 2g¯〈g0〉〈f0〉
)
D f¯∂xD g¯ dx,
K10 :=
∫
T
(
2µ(g¯3 + 3g¯2〈g0〉+ 3g¯〈g0〉2) + 3(f¯2g¯ + 2f¯ g¯〈f0〉+ f¯2〈g0〉+ g¯〈f0〉2 + 2f¯〈f0〉〈g0〉)
+6(g¯2f¯ + 2g¯f¯〈g0〉+ g¯2〈f0〉+ f¯〈g0〉2 + 2g¯〈g0〉〈f0〉)
)
(∂xD g¯)
2 dx,
K11 := −1
2
∫
T
∂2x
(
2µ(g¯3 + 3g¯2〈g0〉+ 3g¯〈g0〉2) + 3(f¯2g¯ + 2f¯ g¯〈f0〉+ f¯2〈g0〉+ g¯〈f0〉2
+2f¯〈f0〉〈g0〉
)
(D g¯)2 dx,
K12 := −3
∫
T
∂2x
(
g¯2f¯ + 2g¯f¯〈g0〉+ g¯2〈f0〉+ f¯〈g0〉2 + 2g¯〈g0〉〈f0〉
)
(D g¯)2 dx.
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Capillary driven flow: Let us consider the case D = −∂3x first. We estimate
K1 ≤ 3(E0(f¯ , g¯)3 + E0(f¯ , g¯)2 [2〈f0〉+ 〈g0〉] + E0(f¯ , g¯)
[〈f0〉2 + 2〈f0〉〈g0〉])‖f¯‖2H˙4
+
[
2ρ(E0(f¯ , g¯)
3 + 3E0(f¯ , g¯)
2〈f0〉+ 3E0(f¯ , g¯)〈f0〉2)
] ‖f¯‖2
H˙4
.
A first estimate on K2 yields
K2 ≤ 3
2
‖∂3xf¯‖2L4
[
E0(f¯ , g¯)
2(2‖f¯‖H˙2 + ‖g¯‖H˙2) + 2〈f0〉E0(f¯ , g¯)(‖f¯‖H˙2 + ‖g¯‖H˙2)
+ 2E0(f¯ , g¯)‖f¯‖H˙2〈g0〉+ ‖g¯‖H˙2〈f0〉2 + 2‖f¯‖H˙2〈f0〉〈g0〉
]
+
3
2
‖∂3xf¯‖2L4
[
E0(f¯ , g¯)(4‖∂xf¯‖2L4 + 2‖∂xg¯‖2L4) +
(
2‖∂xg¯‖2L4〈f0〉+ 2‖∂xf¯‖2L4 (〈g0〉+ 〈f0〉)
) ]
.
Recalling that
‖∂3xh‖2L4 ≤ 3‖∂4xh‖L∞‖h‖H˙2
and
‖∂xh‖2L4 ≤ 3‖h‖L∞‖h‖H˙2 ,
the term K2 can further be estimated by
K2 ≤ cE2(f¯ , g¯)E4(f¯ , g¯),
where c = c(E0(f¯0, g¯0), 〈f0〉, 〈g0〉) is a positive constant. In similar fashion K3 can be estimated
by
K3 ≤ cE2(f¯ , g¯)E4(f¯ , g¯).
Collecting these estimates, we have that∣∣∣∣
∫
T
N1∂xD f¯dx
∣∣∣∣ ≤ 3(E0(f¯ , g¯)3 + E0(f¯ , g¯)2 [2〈f0〉+ 〈g0〉] + E0(f¯ , g¯) [〈f0〉2 + 2〈f0〉〈g0〉])‖f¯‖2H˙4
+
[
2ρ(E0(f¯ , g¯)
3 + 3E0(f¯ , g¯)
2〈f0〉+ 3E0(f¯ , g¯)〈f0〉2)
] ‖f¯‖2
H˙4
+ cE2(f¯ , g¯)E4(f¯ , g¯).
We continue by estimating K4,K5, and K6:
K4 ≤ 3(E0(f¯ , g¯)3 + E0(f¯ , g¯)2 [2〈f0〉+ 〈g0〉] + E0(f¯ , g¯)
[〈f0〉2 + 2〈f0〉〈g0〉])‖g¯‖H˙4‖f¯‖H˙4
+
[
2(E0(f¯ , g¯)
3 + 3E0(f¯ , g¯)
2〈f0〉+ 3E0(f¯ , g¯)〈f0〉2)
] ‖g¯‖H˙4‖f¯‖H˙4 .
Let us now turn to K5, which can be estimated as
K5 ≤ 6
(
E0(f¯ , g¯)
2 + (〈f0〉+ 〈g0〉)E0(f¯ , g¯) + 〈f0〉〈g0〉
) ‖∂xf¯‖L4‖∂3xg¯‖L4‖f¯‖H˙4
+ 3
(
E0(f¯ , g¯)
2 + 2〈f0〉E0(f¯ , g¯) + 〈f0〉2
) ‖∂xg¯‖L4‖∂3xg¯‖L4‖f¯‖H˙4 .
The same estimate as in (40) implies that
‖∂xg¯‖L4‖∂3xg¯‖L4‖f¯‖H˙4 ≤ 12‖f¯‖H˙4 4
√
E4(f¯ , g¯)
√
E0(f¯ , g¯)‖f¯‖H˙2 4
√
E0(f¯ , g¯)E4(f¯ , g¯)
≤ 3
4
E4(f¯ , g¯)E0(f¯ , g¯) + C‖g¯‖2H˙2E4(f¯ , g¯),
by Young’s inequality (as in (43)). Thus
K5 ≤ 9
4
(
3E0(f¯ , g¯)
2 + (4〈f0〉+ 2〈g0〉)E0(f¯ , g¯) + 2〈f0〉〈g0〉+ 〈f0〉2
)
E4(f¯ , g¯)E0(f¯ , g¯)
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+ cE2(f¯ , g¯)E4(f¯ , g¯).
Similarly, we estimate
K6 ≤ 6
(
E0(f¯ , g¯)
2 + 2E0(f¯ , g¯)〈f0〉+ 〈f0〉2
) ‖∂xf¯‖L4‖∂3xg¯‖L4‖f¯‖H˙4 .
Using the same estimate as above and applying Young’s inequality, we obtain that
K6 ≤ 9
2
(
E0(f¯ , g¯)
2 + 2E0(f¯ , g¯)〈f0〉+ 〈f0〉2
)
E4(f¯ , g¯)E0(f¯ , g¯) + cE2(f¯ , g¯)E4(f¯ , g¯)
and thus∣∣∣∣
∫
T
N2D f¯dx
∣∣∣∣ ≤ 3(E0(f¯ , g¯)3 + E0(f¯ , g¯)2 [2〈f0〉+ 〈g0〉] + E0(f¯ , g¯) [〈f0〉2 + 2〈f0〉〈g0〉])‖g¯‖H˙4‖f¯‖H˙4
+
[
2(E0(f¯ , g¯)
3 + 3E0(f¯ , g¯)
2〈f0〉+ 3E0(f¯ , g¯)〈f0〉2)
] ‖g¯‖H˙4‖f¯‖H˙4
+
9
4
(
5E0(f¯ , g¯)
2 + (8〈f0〉+ 2〈g0〉)E0(f¯ , g¯) + 2〈f0〉〈g0〉+ 3〈f0〉2
)
E4(f¯ , g¯)E0(f¯ , g¯)
+ cE2(f¯ , g¯)E4(f¯ , g¯).
Repeating all estimates for K7, . . . K12, we obtain that∣∣∣∣
∫
T
N3∂xD g¯dx
∣∣∣∣ ≤ (E0(f¯ , g¯)3(2µ + 3ρ+ 6) + E0(f¯ , g¯)2 ((6µ+ 3ρ+ 12)〈g0〉+ 6(ρ+ 1)〈f0〉)
+E0(f¯ , g¯)
(
6(µ + 1)〈g0〉2 + 3ρ〈f0〉2 + (6ρ+ 12)〈f0〉〈g0〉
)) ‖f¯‖H˙4‖g¯‖H˙4
+
9
4
(
E0(f¯ , g¯)
2 (2µ+ 3ρ+ 6) + 4E0(f¯ , g¯) ((µ+ ρ+ 1)〈g0〉+ 4(ρ+ 1)〈f0〉)
+2(µ + 1)〈g0〉2 + ρ〈f0〉2 + (2ρ+ 4)〈f0〉〈g0〉
)
E4(f¯ , g¯)E0(f¯ , g¯)
+ cE2(f¯ , g¯)E4(f¯ , g¯)
and ∣∣∣∣
∫
T
N4∂xD g¯dx
∣∣∣∣ ≤ (E0(f¯ , g¯)3(2µ + 9) + E0(f¯ , g¯)2(6µ〈g0〉+ 12〈f0〉+ 15〈g0〉)
+E0(f¯ , g¯)(6µ〈g0〉2 + 3〈f0〉2 + 18〈f0〉〈g0〉+ 6〈g0〉2
) ‖g¯‖H˙4
+ cE2(f¯ , g¯)E4(f¯ , g¯).
Set now
η1 := (2ρ− 1)〈f0〉3 − 3
2
(ρ− 1)〈f0〉2〈g0〉 − 3〈f0〉〈g0〉2 − µ〈g0〉3
− E0(f¯0, g¯0)3
(
32 +
55
8
ρ+
15
2
µ
)
− E0(f¯0, g¯0)2
(
〈f0〉 (66 + 18ρ) + 〈g0〉
(
36 +
21
2
ρ+ 18µ
))
− E0(f¯0, g¯0)
(
〈f0〉2
(
57
4
+
39
4
ρ
)
+ 〈g0〉2
(
27
2
+
15
2
µ
)
+ 〈f0〉〈g0〉
(
81
2
+
15
2
ρ
))
,
η2 := µ〈g0〉3 + 3〈f0〉〈g0〉2 − 3
2
(ρ− 1)〈f0〉2〈g0〉 − 〈f0〉3
− E0(f¯0, g¯0)3
(
32 +
55
8
ρ+
15
2
µ
)
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− E0(f¯0, g¯0)2
(
〈f0〉 (66 + 18ρ) + 〈g0〉
(
36 +
21
2
ρ+ 18µ
))
− E0(f¯0, g¯0)
(
〈f0〉2
(
57
4
+
39
4
ρ
)
+ 〈g0〉2
(
27
2
+
15
2
µ
)
+ 〈f0〉〈g0〉
(
81
2
+
15
2
ρ
))
.
The assumptions in the theorem guarantee that η1, η2 > 0. Eventually, we arrive at
1
2
d
dt
E2(f¯ , g¯) ≤ −ηE4(f¯ , g¯) + cE2(f¯ , g¯)E4(f¯ , g¯),
where η := min{η1, η2}. From here the argumentation follows the lines of the proof of Theorem 3.
Gravity driven flow: Now, we consider the case where D = ∂x. Here we have that
K1 ≤
(
(3 + 2ρ)E0(f¯ , g¯)
3 + E0(f¯ , g¯)
2 ((6 + 6ρ)〈f0〉+ 3〈g0〉)
+E0(f¯ , g¯)
(
(3 + 6ρ)〈f0〉2 + 6〈g0〉〈f0〉
)) ‖g¯‖H˙2‖f¯‖H˙2 ,
and
K2 ≤ 3
2
[
E0(f¯ , g¯)
2(2‖∂2xf¯‖L∞ + ‖∂2xg¯‖L∞) + 2〈f0〉E0(f¯ , g¯)(‖∂2xf¯‖L∞ + ‖∂2xg¯‖L∞)
+ 2E0(f¯ , g¯)‖∂2xf¯‖L∞〈g0〉+ ‖∂2xg¯‖L∞〈f0〉2 + 2‖∂2xf¯‖L∞〈f0〉〈g0〉
]
‖∂xf¯‖2L2
+ 3‖∂xf¯‖L∞
[
E0(f¯ , g¯)(‖∂xf¯‖L∞ + ‖∂xg¯‖L∞) +
(‖∂xg¯‖L∞〈f0〉+ ‖∂xf¯‖L∞〈g0〉)
]
‖∂xf¯‖2L2
≤ cE2(f¯ , g¯)E1(f¯ , g¯),
where we have used the Kolmogorov-Landau inequality (39). Analogously, we have that
K3 ≤ cE2(f¯ , g¯)E1(f¯ , g¯).
The cross term can be estimated via
K4 ≤
(
5E0(f¯ , g¯)
3 + E0(f¯ , g¯)
2 (12〈f0〉+ 3〈g0〉) + E0(f¯ , g¯)
(
9〈f0〉2 + 6〈g0〉〈f0〉
)) ‖g¯‖H˙2‖f¯‖H˙2
and
K5 +K6 ≤ cE2(f¯ , g¯)E1(f¯ , g¯).
Similarly, we obtain that
K7 ≤
(
E0(f¯ , g¯)
3(2µ+ 3ρ+ 6) + E0(f¯ , g¯)
2 (〈f0〉(6ρ+ 6) + 〈g0〉(2µ + 3ρ+ 12))
+E0(f¯ , g¯)
(
3ρ〈f0〉2 + 〈g0〉2(6µ + 6) + 〈f0〉〈g0〉(6ρ+ 12)
)) ‖f¯‖H˙2‖g¯‖H˙2 ,
and
K10 ≤
(
E0(f¯ , g¯)
3(2µ + 9) + E0(f¯ , g¯)
2 (12〈f0〉+ 〈g0〉(2µ + 15))
+E0(f¯ , g¯)
(
3〈f0〉2 + 〈g0〉2(6µ+ 6) + 18〈f0〉〈g0〉
)) ‖f¯‖H˙2‖g¯‖H˙2 ,
while
K8 +K9 +K11 +K12 ≤ cE2(f¯ , g¯)E1(f¯ , g¯)
Setting
κ1 := (2ρ− 1)〈f0〉3 − 3
2
(ρ− 1)〈f0〉2〈g0〉 − 3〈f0〉〈g0〉2 − µ〈g0〉3
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− 1
2
E0(f¯0, g¯0)3 (23 + 5ρ+ 4µ)
− 1
2
E0(f¯0, g¯0)2 (〈f0〉(36 + 12ρ) + 〈g0〉(33 + 3ρ+ 4µ))
− 1
2
E0(f¯0, g¯0)
(〈f0〉2(15 + 9ρ) + 〈g0〉2(12 + 12µ) + 〈f0〉〈g0〉(42 + 6ρ)) ,
κ2 := µ〈g0〉3 + 3〈f0〉〈g0〉2 − 3
2
(ρ− 1)〈f0〉2〈g0〉 − 〈f0〉3
− 1
2
E0(f¯0, g¯0)3 (23 + 5ρ+ 4µ)
− 1
2
E0(f¯0, g¯0)2 (〈f0〉(36 + 12ρ) + 〈g0〉(33 + 3ρ+ 4µ))
− 1
2
E0(f¯0, g¯0)
(〈f0〉2(15 + 9ρ) + 〈g0〉2(12 + 12µ) + 〈f0〉〈g0〉(42 + 6ρ)) ,
we obtain that
1
2
d
dt
E1(f¯ , g¯) ≤ −κE2(f¯ , g¯) + cE2(f¯ , g¯)E1(f¯ , g¯),
where κ := min{κ1, κ2} is a positive constant in view of the assumptions of the theorem. From
here we can conclude as before.
10. Conclusion
We have proved several global well-posedness results for two strongly coupled systems of de-
generate quasilinear parabolic partial differential equations. We established conditions on the
initial data and the physical parameters ensuring the global existence of solutions to the thin
film Muskat and the thin film Stokes systems. One of the advantages of our approach is that
the size restrictions required on the initial data are explicit (in particular, they do not depend
on universal constants coming from functional inequalities). Remarkably, these size restrictions
only effect a very weak norm (in the Wiener Algebra A(T)). Furthermore, they are O(1) of the
physical parameters in the problem. In this respect, we improved the results in [13, 14] where
the size restrictions were assumed in higher order Sobolev norms and not explicit. Eventually,
we would like to point out that our technique does not rely on a gradient flow structure or a
particular form of an energy functional. Therefore, they are adaptable also to other systems of
partial differential equations.
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